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Abstract

Sir Arthur Conan Doyle’s famous fictional detective Sherlock Holmes and his
sidekick Dr. Watson go camping and pitch their tent under the stars. During the
night, Holmes wakes his companion and says, “Watson, look up at the stars and tell
me what you deduce.” Watson says, “I see millions of stars, and it is quite likely
that a few of them are planets just like Earth. Therefore there may also be life on
these planets.” Holmes replies, “Watson, you idiot. Somebody stole our tent.”

When seeking proofs of Ramanujan’s identities for the Rogers—Ramanujan func-
tions, Watson, i.e., G. N. Watson, was not an “idiot.” He, L. J. Rogers, and
D. M. Bressoud found proofs for several of the identities. A. J. F. Biagioli de-
vised proofs for most (but not all) of the remaining identities. Although some
of the proofs of Watson, Rogers, and Bressoud are likely in the spirit of those
found by Ramanujan, those of Biagioli are not. In particular, Biagioli used the
theory of modular forms. Haunted by the fact that little progress has been made
into Ramanujan’s insights on these identities in the past 85 years, the present
authors sought “more natural” proofs. Thus, instead of a missing tent, we have
had missing proofs, i.e., Ramanujan’s missing proofs of his forty identities for the
Rogers—Ramanujan functions. In this paper, for 35 of the 40 identities, we offer
proofs that are in the spirit of Ramanujan. Some of the proofs presented here are
due to Watson, Rogers, and Bressoud, but most are new. Moreover, for several
identities, we present two or three proofs. For the five identities that we are unable
to prove, we provide non-rigorous verifications based on an asymptotic analysis of
the associated Rogers—Ramanujan functions. We think that this method, which is
related to the 5-dissection of the generating function for cranks found in Ramanu-
jan’s lost notebook, is what Ramanujan might have used to discover several of the
more difficult identities. Some of the new methods in this paper can be employed
to establish new identities for the Rogers—Ramanujan functions.

Received by the editor on January 28, 2005.

1991 Mathematics Subject Classification. 11P82, 11F27, 33D15.

Key words and phrases. Rogers—Ramanujan functions, Ramanujan’s lost notebook, theta
functions, Rogers’s method, modular equations, transformation formulas, asymptotic expansions
of Rogers—Ramanujan functions.

Research partially supported by grant MDA904-00-1-0015 from the National Security Agency
(Berndt).

Research supported by grant R01-2003-000-11596-0 from the Basic Research Program of the
Korea Science and Engineering Foundation (Y.—S. Choi).

Research partially supported by a grant from the Number Theory Foundation (Yee).

vi



CHAPTER 1

Introduction

The Rogers—Ramanujan functions in the title are defined for |¢| < 1 by

— - qn2 an — - qn(n+1)
(1.1) G(q) '77;)@%‘1% d  H(q) ’7; T

where here and in the sequel we use the customary notation (a;q)o := 1,

n—1

(a;Q)n = H(l_aqk)a n>1,
k=0

(@;9)oo := lim (a;q)n,  [gf <1.

These functions satisfy the famous Rogers-Ramanujan identities [31], [25], [27,
pp. 214-215]
(1.2) G(q) = ! and H(q) = L .

(¢54°) o0 (0% 4% oo (4% 6°)o0 (0% 4°) oo
At the end of his brief communication [26], [27, p. 231] announcing his proofs of
the Rogers—Ramanujan identities (1.2), Ramanujan remarks, “I have now found an
algebraic relation between G(q) and H(q), viz.:

(1.3) H(q){G(@)}'" = ¢*Glg) {H(9)}"" =1+ 11¢{G(q)H(9)}".
Another noteworthy formula is
(1.4) H(q)G(¢") - ¢*G(9)H(¢") = 1.

Each of these formulae is the simplest of a large class.” Ramanujan did not indicate
how he had proved these two identities, which, as we shall see below, are two from
a list of forty identities involving G(q) and H(q) that Ramanujan had compiled.

In his paper [32] establishing ten of the identities, Rogers remarks, “these
[identities] were communicated privately to me in February 1919 ...” Rogers did
not indicate if further identities were included in Ramanujan’s communication to
him. We remark that Ramanujan returned to India on February 27, 1919, and
that the short paper [26] was recorded in the minutes of the London Mathematical
Society on March 13, 1919. Thus, both the paper to the London Mathematical
Society and the letter to Rogers were evidently sent only days prior to Ramanujan’s
departure.

In 1933, Watson [34] proved eight of the identities, but with two of them
from the group that Rogers had proved. Watson confides, “Among the formulae
contained in the manuscripts left by Ramanujan is a set of about forty which involve
functions of the types G(q) and H(q); the beauty of these formulae seems to me
to be comparable with that of the Rogers-Ramanujan identities. So far as I know,
nobody else has discovered any formulae which approach them even remotely; if

1
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my belief is well-founded, the undivided credit for the discovery of these formulae
is due to Ramanujan.” This last statement appears to be so obvious, especially
since the manuscript was evidently in Watson’s possession, that one wonders why
he wrote it.

Ramanujan’s forty identities for G(¢) and H(g) (which do not include (1.2))
were first brought in their entirety before the mathematical public by B. J. Birch
[11], who in 1975 found Watson’s handwritten copy of Ramanujan’s list of forty
identities in the Oxford University Library. Ramanujan’s original manuscript was
in Watson’s possession for many years and now has evidently been lost. Watson’s
handwritten list was later published along with Ramanujan’s lost notebook [29,
pp. 236-237] in 1988. Certain pairs of the identities are linked, and so it is natural
to place them, in fact, in 35 (not 40) separate entries.

D. Bressoud [14], in his Ph.D. thesis, proved fifteen from the list of forty. His
published paper [15] contains proofs of some, but not all, of the general identities
from [14] which he developed in order to prove Ramanujan’s identities. All the
proofs of Rogers, Watson, and Bressoud employ classical means, although it would
seem that in most cases the proofs are not like those found by Ramanujan.

After the work of Rogers, Watson, and Bressoud, nine remained to be proved.
A. J. F. Biagioli [10] used modular forms to prove eight of them. At this moment
then, only one of the forty identities has not been proved by any means, but it is
clear that modular forms can be used to establish this last identity. About such
proofs, Birch [11] opines, “A dull proof would have little value — in fact, all the
functions involved in the identities are essentially theta functions, so modular forms
of known level with poles of bounded order at known places, so the identities may
presumably be verified by just checking that the first hundred or so powers of x
are correct.” It should be remarked that Biagioli’s [10] proofs are more elegant
than one might discern from Birch’s remarks, for Biagioli used Fricke involutions
and other properties of modular forms to drastically reduce the number of terms
envisioned by Birch. In fact, in most cases, Biagioli required only a few terms.

In this paper, we offer proofs of 35 of the 40 identities. Some of the proofs that
we present were found by either Rogers, Watson, or Bressoud. However, most of
the proofs presented in this paper are new. Frequently, we provide two or three
proofs of an identity. Our goal has been to find proofs for all forty identities
that Ramanujan might have given himself. Indeed, in several of our proofs, we
utilize modular equations found by Ramanujan and recorded in his notebooks [28].
Although all the proofs offered here are in the spirit of Ramanujan’s mathematics,
it is to be admitted that for some proofs, knowing the identity beforehand was a
distinct advantage to us in finding a proof. It is unfortunate that we have failed to
find proofs of five of the identities, four of which were proved by Biagioli [10] using
the theory of modular forms and one of which has not been proved at all. However,
for each of these five identities, we offer heuristic arguments showing that both sides
of the identity have the same asymptotic expansions as ¢ — 1—. It is very likely
that Ramanujan discovered many of his identities for G(q) and H(q) by examining
asymptotic expansions. Ramanujan was an expert on asymptotic expansions, and
in his last letter to G. H. Hardy written on January 12, 1920, Ramanujan discussed
the asymptotic expansions of his new mock theta functions and compared them to
the asymptotic expansion of G(gq) with which he opened his letter [8, p. 220]. In
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the last section of this paper, Section 7, we state several new identities involving
the Rogers—Ramanujan functions; proofs may be found in [9].

In conclusion, we think that modular equations were central in many of Ra-
manujan’s proofs, and we also think that Ramanujan may have discovered some
of his identities by examining the asymptotics of theta functions and the Rogers—
Ramanujan functions. Although some of our proofs may be those found by Ra-
manujan, it is clear that all of us, including the aforementioned authors and the
present authors, have not unveiled some of Ramanujan’s principal ideas, which
remain hidden by an impenetrable fog.






CHAPTER 2

Definitions and Preliminary Results

We first recall Ramanujan’s definitions for a general theta function and some
of its important special cases. Set

(2.1) f(a,b) Z @D /2pn(n=1/2 g < 1.

n=—oo

Basic properties satisfied by f(a,b) include [5, p. 34, Entry 18]

(2.2) fla;b) = f(b,a),

(2.3) F(1,a) = 2f(a, a?),

(2.4) f(=1,a) =0,

and, if n is an integer,

(2.5) f(a,b) = a™ D/ 2pn(=D/2 £ (g (ab)™, b(ab) ™).

The basic property (2.2) will be used many times in the sequel without comment.
The function f(a,b) satisfies the well-known Jacobi triple product identity [5, p. 35,
Entry 19]

(2.6) f(a,b) = (—a;ab)oo (—b; ab) oo (ab; ab)

The three most important special cases of (2.1) are

(27) ( ) _f Q7 Z q == )c2>o(q2;q2)ooa
= 3y _ N grint/e _ (€58
(2.8) U(q) = f(g,q°) Z:Oq P
and
(29 f(=q):=f(—a.,—a*) = Y (-1)"¢"C" V2 = (g;q)00 = ¢~ /*n(7),

where ¢ = exp(2mi7), Im 7 > 0, and 1 denotes the Dedekind eta—function. The
product representations in (2.7)—(2.9) are special cases of (2.6). Also, after Ra-
manujan, define
(2.10) X(a) = (=4:4*)o0

Using (2.6) and (2.9), we can rewrite the Rogers—-Ramanujan identities (1.2) in
the forms

(2.11) G(g) = —F"~—"—"= and H(q) =
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We shall use (2.11) many times in the remainder of the paper. A useful consequence
of (2.11) in conjunction with the Jacobi triple product identity (2.6) is

f(=4¢%)
2.12 G(q)H(q) = .
(2.12) (9)H (q) o)
Basic properties of the functions (2.7)—(2.10) include [5, pp. 39-40, Entries 24,
25(iii)]

fleg  ¥@  x(@ | »l)
(2:13) f=a)  v(—q) x(—9) \ e(—q)’

C fle s el el f(=¢%)
(2.14) MO =508 =\ o0 ~ fl) ~ o)’
(2.15) =) =¥ (@),  x(@)x(—q) = x(—=¢),
(2.16) o(q)e(—q) = ¢*(—=¢°).
It is easy to deduce from (2.14) or (2.6) that

f(=q)

(2.17) (—q) = x(=) f(—q") = x(@)f(—q) = o(—¢°).

We shall use the famous quintuple product identity, which, in Ramanujan’s
notation, takes the form (2.1) [5, p. 80, Entry 28(iv)]

f(7a2’ 70'72(]) _
f(=a,=a"'q)  f(=q)
where a is any complex number.

The function f(a,b) also satisfies a useful addition formula. For each positive
integer n, let

(218) {f(iadqa 70‘73(]2) + af(7a73q7 7a’3q2)} )

U, = an(n+1)/2bn(n—1)/2 and V, = an(n—l)/an(n+1)/2-
Then [5, p. 48, Entry 31]

(2.19) f(U, V) = ZUf( ntr ’”).

The Rogers—Ramanujan functions are intimately associated with the Rogers—
Ramanujan continued fraction, defined by

q'/s 4 f ¢

1 +1+ 141+
which first appeared in a paper by Rogers [31] in 1894. Using the Rogers—Ramanujan
identities (1.2), Rogers proved that

(2.20) R(q) := lg| <1,

sH(a) _ 175 (66°)c(014%)os
2.21 R(q) = ¢*° =2 = ¢/
(221) @ G(q) (45 0°) 0 (4% 7)o
This was independently discovered by Ramanujan and can be found in his notebooks
[28], [5, p- 79, Chap. 16, Entry 38(iii)].



CHAPTER 3

The Forty Identities

ENTRY 3.1.
(3.1) G"M(q)H(q) — ¢*G(q)H" (q) = 1+ 11¢G°(q) H(q).

Entry 3.1 is one of two identities stated by Ramanujan without proof in [26],
[27, p. 231]. As related in the Introduction, Ramanujan [26] claims that, “Each of
these formulae is the simplest of a large class.” Ramanujan’s remark is interesting,
because Entry 3.1 is the only identity among the forty in which powers of G(q) or
H(q) appear. It would seem from Ramanujan’s remark that he had further identities
involving powers of G(q) or H(g), but no further identities of this sort are known.
The first published proof of (3.1) is by H. B. C. Darling [16] in 1921. A second
proof by Rogers [32] appeared in the same year. One year later, L. J. Mordell [24]
found another proof.

By (2.21), the identity (3.1) is equivalent to a famous identity for the Rogers—
Ramanujan continued fraction (2.20), namely,

1 5 /e (—9)
(32) mg @ afS(=a°)
This equality was found by Watson in Ramanujan’s notebooks [28] and proved by
him [33] in order to establish claims about the Rogers—Ramanujan continued frac-
tion communicated by Ramanujan in his first two letters to Hardy [33]. A different
proof of (3.2) can be found in Berndt’s book [5, pp. 265-267]. The identity (3.2)
can also be found in an unpublished manuscript of Ramanujan first appearing in
handwritten form with his lost notebook [29, pp. 135-177, 238-243]. An annotated
account of Ramanujan’s manuscript with considerable commentary and numerous
references has been prepared by Berndt and K. Ono [7].

ENTRY 3.2.

(3.3) G(q9)G(q") + qH(9)H (q") = x*(q) =

Entry 3.2 was first proved in print by Rogers [32]; Watson [34] also found a
proof. In fact, G. E. Andrews [1, p. 27] has shown that (3.3) follows from a very
general identity in three variables found in Ramanujan’s lost notebook.

ENTRY 3.3.

(3.0 GG - @) = 70
Watson [34] gave a proof of (3.4).
ENTRY 3.4.

(3.5) G(q"H(q) — *G(9)H(¢") = 1.
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Entry 3.4 is the second identity offered by Ramanujan without proof in [26],
[27, p. 231]. The first published proof was given by Rogers [32]. Watson [34] also
gave a proof. R. Blecksmith, J. Brillhart, and I. Gerst [12] have shown that (3.5)
follows from a very general theta function identity established by the authors.

Proofs of the next seven entries were first given by Rogers [32]. N. D. Baruah,
J. Bora, and N. Saikia [4] and Baruah and Bora [3] have also found proofs of Entry
3.6.

ENTRY 3.5.
(3.6) G(q')H(q) — ¢*G(9)H(¢"®) = x(¢?).
ENTRY 3.6.
9 2 9\ f2(_q3)
(3.7) G(9)G(¢") +¢*H(q)H(q") = e =)
ENTRY 3.7.
s
(3.8) G(¢*)G(q*) + qH(¢*)H(¢*) = );((_Z))~
ENTRY 3.8.
(3.9) G(¢°)H(q) — qG(q)H(¢®) = ;((__q%)y
ENTRY 3.9.
7 2y 2 ™ X(_Q)
(3.10) G(¢")H(q") —qG(q")H(q") = Eros
ENTRY 3.10.
7
) GG + a1
ENTRY 3.11.
8 3y 3 sy _ xX(=ax(=4")
(3.12) G(¢°)H(q”) — qG(q")H(q") = NETON R
ENTRY 3.12.
24 5 24y _ M
(3.13) Gla)G@) + P H@H ) = <
ENTRY 3.13.
9 4 4 oy _ X(=a)x(=¢°)
(3.14) G(¢")H(q") —qG(q")H(q") = NEON el
ENTRY 3.14.
(3.15) G(¢*)H(q) — 4'G(a)H (¢*) = X0,

Entries 3.12-3.14 were first proved by Bressoud in his doctoral dissertation [14].
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ENTRY 3.15.
(3.16) G(¢®)G(¢") + *H(¢*)H(¢") = G(¢®")H(q) — ¢*G(q)H(¢*")
:L 1/2\\ (_ ,3/2 T/2\(_ 21/2
2\/§X(q Ix(=¢"")x(@" " )x(=q"7)
(3.17) - QL\/@x(—ql/Q)x(qm)x(—q7/2)x(q21/2)-

The only known proofs of (3.16) and (3.17) are by Biagioli [10], who used the
theory of modular forms.

ENTRY 3.16.
(3.18) G(¢*)G(¢") + CH(¢*)H(¢") = G(¢**)H(q) — ¢°G(9)H(¢*°)
_Ix(=d")  x(=q)
(3.19) a \/ o (e

The only known proof of (3.18) is by Bressoud [14], while Biagioli, using the
theory of modular forms, has established the only known proof of (3.19). Biagioli’s
[10] formulation of (3.19) contains two misprints; the formula is also misnumbered
as #17 instead of #18.

Proofs of the next four identities, (3.20)—(3.23), have been given by Bressoud
[14].

ENTRY 3.17.

G(9)G(q") + ¢*H(g)H(q"?) = 4—;(_1x2<q1/2>x2<q19/2> - }ﬁx%—qm)x%—qw/?)
q2

(3:20) X2(—)x2(—¢"?)’

ENTRY 3.18.

G(¢*)H(g) — *G)H(¢) = Ziqx@)x(q?ﬂ) - ;—qx<—q>x<—q31>
q3

(8:21) * x(—¢%)x(—¢%2)

ENTRY 3.19.

(3.22) ={G(¢")H(¢*) — *G(@P)H(¢")} f(—=¢*) f(—4"®)

(3.23) = 2% (e(=a*)p(=4"*) = p(~a)p(—¢*"))
ENTRY 3.20.
- - 2 29(¢h)
(3.24) G(a)H(—q) + G(—q)H(q) = 2= " =)
ENTRY 3.21.
~ 2q9(q"°)
(3.25) G()H(—q) — G(—=q)H(q) = g

Watson [34] constructed proofs of both (3.24) and (3.25).
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ENTRY 3.22.
(3.26) G(=9)G(—¢") + qH(—q)H(—q") = x(¢*).
ENTRY 3.23.
_ )G~ PV H (B = X@x(@)
ENTRY 3.24.
CVH (—q) — qH (-G —q) = XX
Bressoud [14] established the three previous entries.
ENTRY 3.25.
_ 9
(3.29) G(-9)G(¢") - CH(-9)H(¢) = X(X(q_);(é)q)-

Equality (3.29) is a corrected version of that given by Watson [29] and was
first proved by Bressoud [14].

ENTRY 3.26.
(3.30) G(¢"")H(—q) + ¢*G(—q)H(¢")

o x(@x@®) 2¢°
X(=*)x(=¢*)  x(=¢*)x(=¢*)x(=¢*?)x(=¢*)

Watson [34] established (3.30). The minus sign in front of the second expression
on the right side of (3.30) is missing in Watson’s list [29].

Our formulations of Entries 3.27 and 3.28 are slightly different from those of
Ramanujan, who had reversed the hypotheses in each entry. In other words, he
intended that the formulas for U and V be the conclusions in each case, with the
pairs of equations, (3.33), (3.34) and (3.35), (3.36) being the conditions under which
the formulas for U and V should hold. Watson proved Entry 3.27 under the same
interpretation as we have given.

ENTRY 3.27. Define

(3.31) U:=U(q) = G(q)G(¢*") + ¢"H(q)H (¢*")
and

(3.32) Vi=V(q) := G(¢")G(¢") + ¢*H(¢")H(q").
Then

(3.33) U? +qV? = ()X’ (¢")

and

(3.34) UV +q=x*(0)x*(¢").

ENTRY 3.28. Define
U=GlqNH(@) -’ G H(¢")  and V= G(g)G(q™)+q H()H(g™).
Then
(3.35) %: xa)
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and
3/ 17 3(_ ) 2
(3.36) *(—q) (—q7)
Bressoud proved (3.35) in his thesis [14]. Biagioli claimed in [10] that he was
going to prove (3.36), but a proof of (3.36) does not appear in his paper.

ENTRY 3.29.
{G(¢*)G(@®) + ’H(¢*)H(¢*)} {G(¢"°)H (q) — ¢"G(9)H (¢")}

337) =x(—a)x(—¢**) +q+ 2
xX(—=@)x(—¢*)
ENTRY 3.30.
(3.38) G(q*)H(q") = ¢*ClaVH(g") _ x(=*)
. G(¢"®)H(—q) + ¢ G(—q)H(q®)  x(—¢*)
ENTRY 3.31.
(3.39) G(@*)G(¢*) +d"H(¢)H(¢®) _ x(—4°)
| G(¢*)H(q) — ¢ H(¢*)G(q)  x(=¢")
ENTRY 3.32.
(3.40) G(¢*)G(¢*) + P H(¢*)H(¢*) _ x(=¢*)

G(g")H(¢%) — qG(¢®)H(¢") — x(-q)
Using the theory of modular forms, Biagioli [10] constructed proofs of Entries
3.29-3.32. No other proofs are known.

ENTRY 3.33.
(3.41) G@)G(@*) +d" H(@H (™) _ x(=¢*)x(=¢*")
' G(¢®")H(¢*) — ¢°G(¢))H(¢*")  x(=a)x(—¢°)

ENTRY 3.34.

{G0)G(—4") = ¢" H(9H(—¢"") } {G(-)G(¢"") — " H(-q) H (¢"*) }
(342) = G(@*)G(@™) + ¢ H(¢*) H(q*).
Proofs of (3.41) and (3.42) have been found by Bressoud [14], who corrected a
misprint in Watson’s [29] formulation of (3.42).
ENTRY 3.35.
(GG + ¢ H(QH(")} {G(¢"H(¢*) - °G(¢*)H (¢")}

(Nl AT 2 2¢*
= x(—9)x(=¢"") +2¢ +—x(—q)x(—q47)

__ 8¢
X(=a)x(=¢"")
The only known proof [10] of Entry 3.35 employs the theory of modular forms.

Observe that in most of the forty identities, G(¢q) and H(q) occur in the com-
binations,

(3.44) G(qNG(q®) + ¢ H (¢ H (¢*), when r 4+ s = 0 (mod 5),
(3.45) G(q"VH(¢*) — ¢/ °H(¢")G(¢*), when r — s = 0 (mod 5),

(3.43) + q\/4x(—q)x(—q47) +9¢% +
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or when one or both of ¢" and ¢° are replaced by —q" and —q®, respectively, in
either (3.44) or (3.45) above.

Ramanujan’s identities are remarkable for several reasons. The Rogers—
Ramanujan functions are associated with modular equations of degree 5 and ¢-
products with base ¢°. However, the “5” is missing on all the right sides of the
identities, except for Entries 3.3 and 3.21. One would expect to see in such iden-
tities theta functions with arguments ¢°", for certain positive integers n, but such
functions do not appear! We have one explanation for this phenomenon. In our
heuristic “proofs” of five of the forty identities, we use the transformation formulas
(6.1.1) and (6.1.2) in Lemma 6.1 for, respectively, G(q) and H(q). Appearing in
these transformation formulas are 1/ cos(27/5) and 1/ cos(47/5) as multiplicative
factors in (6.1.1) and (6.1.2), respectively. Also note the appearances of fifth roots
of unity in the infinite products on both sides of (6.1.1) and (6.1.2). In Lemma 6.2,
we show that when these products are expanded into power series, only those pow-
ers with index congruent to either 0 or 1 modulo 5 survive. In fact, Lemma 6.2 is a
version of the 5-dissection of the generating function for cranks. Moreover, appear-
ing in the coefficients when the index n = 1 (mod 5) are cos(27/5) and cos(47/5),
respectively, for the products in (6.1.1) and (6.1.2). In particular, see (6.1.4) and
(6.1.5), respectively. Thus, when working with the power series of G(¢) and H(¢”)
in the transformed variable ¢, considerable cancellation takes place leaving eventu-
ally only powers of 5. We then make a change of variable, replacing ¢° by, say, u,
and so the prominence of “5” disappears.

Next, observe that the right sides in almost all of the identities are expressed
entirely in terms of the modular function x with no other theta function appearing.
We have no explanation for this phenomenon. It seems likely that the function y
played a more important role in Ramanujan’s thinking than we are able to discern.

As we shall see in the proofs throughout the paper, some of the identities
are amenable to general techniques established either by Watson, Rogers, or the
authors. However, for those identities that are more difficult to prove (and there
are many), these ideas do not appear to be useable. It was unsettling for us to find
a proof of a certain identity with a great deal of effort and then discover that our
ideas were inapplicable to any of the remaining identities that we sought to prove.
In other words, each of the “hard” identities required an argument that seems to
apply to only that identity. Thus, the authors feel that if Ramanujan did indeed
have ironclad proofs for each of his identities, he had at least one key idea that
all researchers to date have missed. It seems likely that the function x played an
important role in Ramanujan’s primary idea(s). Each of the forty identities, in
principle, can be associated with modular equations of a certain degree. It happens
that for each such degree, Ramanujan recorded at least one modular equation of
that degree in his notebooks [28], [5]. We conjecture that Ramanujan utilized
modular equations to prove some of the forty identities in manners that we have
not been able to discern.

Before embarking on the proofs, we summarize here those proofs that we have
borrowed from others and those entries that we are unable to prove. The proofs of
Entries 3.18 and 3.28 that we give are due to Bressoud [14]. Our proof of Entry
3.34 is a modification of his proof [14]. Our proof of Entry 3.19 begins at the same
point as that of Bressoud but diverges thereafter. We give two proofs of Entry
3.12, one of which is due to Bressoud [14]. Watson’s proofs of Entries 3.3, 3.21,
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3.26, and 3.27 are provided. Rogers’s proofs of Entries 3.9-3.11 are given. Entries
3.28 (second part), 3.29, 3.30, 3.31, and 3.35 are those we are unable to prove. (We
remark that in the sequel we prove that Entries 3.31 and 3.32 are equivalent, and so
it suffices to prove just one of these identities.) In Section 6, we employ asymptotic
formulas for G(¢) and H(q) to demonstrate the probable truth of these five entries.






CHAPTER 4

The Principal Ideas Behind the Proofs

In this section, we describe the main ideas behind the proofs given by Watson
[34], Rogers [32], Bressoud [14], and the present authors.

We first discuss an idea of Watson [34]. In these proofs, one expresses the left
sides of the identities in terms of theta functions by using (2.11). In some cases,
after clearing fractions, the right side can be expressed as a product of two theta
functions, say with summation indices m and n. One then tries to find a change of
indices of the form

am+ pfn=5M +a and ym + dn = 5N + b,

so that the product on the right side decomposes into the requisite sum of two
products of theta functions on the left side. We emphasize that this method only
works when the right side is a product of two theta functions, and even then, in
only some cases, does this kind of change of variables produce the desired equality.
This method was probably not that used by Ramanujan, because it would seem
that the identity to be proved must be explicitly known in advance.

We next present a modest generalization of Rogers’s method [32]. We let p
and m denote odd positive integers with p > 1, and let «, 3, and A be real numbers
such that

(4.1) am? + 3 = \p.

The special case when «, 8, and A are integers is given by Rogers [32]. Consider,
for any real number v, the product
qpam2v2f(7qpa+2pam'u7 7qpo¢72pozmv) p,@va(i pB+2pBv 7qpﬁ*217/371)

o0 oo

(4.2) = Z (—1)7 gpeu(rtmo)® Z( 1)5qPBe+v)? = Z Z 1)7+541,

where
I = pa(r +mv)? + pB(s +v)>.
For fixed s, write r = ms + t. Then, by (4.1),
I=pa{(s+v)m+t}>+pB(s +v)?
= Ap?(s +v)? + 2pamt(s + v) + pat?

2 2,242
1\ p(s—l—v)—i—amt _a’m”t + pat?
A A
2
4.3 =A<p(s+v —l—ﬂ —i—%tQ
A A

15
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Note also that, since m is odd,

(1.4) (—1)7+ = (—1)
Now let
1 3 2 —1
4. =S —y ... .
(45) S~ { oo 2t
Thus, using (4.2)—(4.5), we find that
(4.6)
Z qpam2v2f(_qpa+2pamv’ _qpa—Qpamv)quvzf(_qp6+2pﬁv’ _qpﬁ—Qpﬂv)
vES)
Z Z pa(r+mv)2 Z( 1 pﬁ(s-{—v)z Z Z Z
UGS r=—00 S§=—00 =1 s=—o0t=—00
where
2k —1 amt ozﬁ
I=1 t):=A - hatad
(r,s,t) {p<s+ o >+ 5 } + ot
1 amt)® ap 9
= B I e ar
/\{ps—i-k +2+)\}+>\t
1 amt)? af
4. — A Spamty Al
(4.7) {u+2+ 3 } + 3

upon letting v := ps + k — 1. Hence, (4.6) can now be expressed as
Z qp0m12v2f(_q;z>oz—0—2;r)on“nv7 _qpa—2pamv)qpﬁv2f(_qpﬂ+2pﬁv’ _qpﬁ—2p5v)
vESy
o0 oo
> 2
Uu=—0o0 t=—00
with I as given in (4.7).

The strategy of Rogers is to find two sets of parameters {ay, 81, m1,p1, A1}
and {ag, B2, ma, p2, A2} both giving rise to the same function on the right-hand
side of (4.8). This would establish an identity between two sums of products of two
theta functions each of the form (4.2). For instance, if we choose the two sets of
parameters such that

arm agm
(49) Oélﬁl = a2527 )\1 = )\2, and 1)\ ! + 2)\ 2
1 2
then both sets of parameters would satisfy the formula for I in (4.7), thus giving
rise to the same function on the right-hand side of (4.8).

We next show that the contributions of the terms with indices k and p — k + 1

are identical. Applying (2.5) with n = —m, we find that

(4.10)
qam2 (2k—1)2/(4p) f(_qpa-i-am(Qk— 1) ,

=4q

is an integer,

_qpa—am(Qk—l))

am2(2k71)2/(4p)+m2pa7m204(2k71)f(_qpa+am(2k71)72pam _qpafam(2k71)+2pam)

am2(2p72k+1)2/(4p)f(_qpa+am(2p72k+1) pafam(2p72k+1))

=4q —-q
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where we have used the fact that p is odd. The same argument holds for the other
theta function in (4.2). This establishes our claim.

Next, we show that the contribution of the term with & = (p + 1)/2, i.e.,
v =1/2, equals 0. Thus, we examine

(4.11) Z (_l)rqpa(r+m/2)2 — qpavrz2/4f(_qpoz(1—m)’ _qpa(l-i-m)).

T=—00

To the theta function in (4.11), we apply (2.5) with n = (m — 1)/2. Thus, for some
constant c,

(4.12) F(=gpomm) —qraQFm)y = g¢ f(—1, —¢*) = 0,

by (2.4). The same argument shows that the other theta function appearing in
(4.6) also vanishes when v = 1/2.
Using (4.10) and (4.12) in (4.6), we deduce that, when p is odd,

(p—1)/2 P-1)/2 oo
Y F(a,B,mp, A k) Z 3 (1) gratrmik/ )’
k=1 r=—o00

3 (—1)rgpolet D/ @)

s=—00

(p—1)/2

Z qam (2k—1)? /(4p)f( pa+am(2k— 1) qpafam(Zkfl))

q (2k—1) /(4p)f(_

(4.13) :% > (-

U=—00 t=—00

;Dﬁ-i-ﬁ(%—l)7 pﬁ—ﬁ(%—l))

q —q

where I is given in (4.7).
If p is even and if « is even, then the same argument shows that the terms with
indices k and p — k + 1 are identical. Hence, for p even,

p/2 P/2 oo

S F(a, Bomap k) i= 30 S0 (—1)rgretrtmk-n)/en)?
k=1 k=1r=—occ
x 3 (—1)rgAtetEk-n/Cp)?

p/2
Z qam2(2k—1)2/(4p)f(_qpa+am(2k—1) _qpa—am(2k—1))

k=1
x PR/ @p) f(_qpB+BRE=1) _ (pA—B(2k=1))

LY Y-

Uu=—00 t=—00

(4.14)

where [ is given in (4.7).
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For later applications, we record some special cases of (4.13) and (4.14). If
p=>5and m =1,

2
Z F(Oé, ﬁ) 17 57 )‘7 k) = q(a+ﬂ)/20f(_q404, _qGOé)f(_q4ﬂ7 _q6ﬂ)
k=1

(4.15) + @FD20 (g2 —gB) f(—g??, —*P).
If p=5and m =3,

2
> F(a,B3,3,5,\ k) = g0 f(—g? —g5) f(—¢*, —¢"7)
k=1
(4.16) — g0 (gt —g5) f(—*?, —¢P),

where we applied (2.5) withn=1. if p=3 and m =1,

1

(417) ZF(a7ﬁa 1737 >‘a k) = q(a+6)/12f(_q2a)f(_q2ﬁ)'
k=1

If p=2and m =1, by (2.8),

1
> F(a,8,1,2,), k) = ¢ f(—¢%, —¢**) f(=¢", —¢*")
k=1

(4.18) = ¢ BY(—g™ ) (—4?).

Rogers’s ideas were extended by Bressoud [14], but we have not employed
Bressoud’s more general theorems in this paper. We have used Rogers’s method,
however, in proving further identities in Ramanujan’s list.

A third approach is a method of elimination. Here one sets, T'(q), say, equal to
the left side of the identity to be proved. By changes of variable, if necessary, one
records two further (previously proved) identities involving G(gq) and H(q), each
involving a pair of the same Rogers—Ramanujan functions appearing in the identity
to be proved. Thus, we have three equations involving the same three Rogers—
Ramanujan functions, which we proceed to eliminate from the three equations.
There remains then an identity involving T'(¢) and (usually) theta functions to be
proved. It must be emphasized that this method can only be applied if one can find
two identities related to the one to be proved. In particular, the method cannot be
utilized in those cases where Ramanujan offered only one or two identities of a given
degree. The theta function identity to be verified is usually difficult, and generally
one should convert it to a modular equation. Hopefully, the modular equation is a
known one, in particular, one of the couple hundred that Ramanujan found, but,
of course, it may not be. For completeness, we next define a modular equation.

We give the definition of a modular equation, as understood by Ramanujan. Let
K,K',L, and L' denote complete elliptic integrals of the first kind associated with
the moduli k, k¥’ := 1 — k2, £, and ¢ := /1 — £2, respectively, where 0 < k, £ < 1.
Suppose that

K L
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for some positive rational integer n. A relation between k and ¢ induced by (4.19)
is called a modular equation of degree n. Following Ramanujan, set

a=k? and 8 =10,
We often say that 3 has degree n over «. If
(4.20) q=exp(—nK'/K),

one of the most fundamental relations in the theory of elliptic functions is given by
the formula [5, pp. 101-102],

w/2
AR
TJo \/1—k2sin%0 m
The first equality in (4.21) and elementary theta function identities make it possible
to write each modular equation as a theta function identity. (The second equality
in (4.21) arises from expanding the integrand in a binomial series and integrating
termwise.) Lastly, the multiplier m of degree n is defined by

(4.21) ©*(q) = 2F1(3, 3 LK) =

2
(4.22) m = ﬂ(‘” .
©*(q")
Ramanujan derived an extensive “catalogue” of formulas [5, pp. 122-124] giving the
“evaluations” of f(—q), ¢©(q), ¥(q), and x(g) at various powers of the arguments in
terms of

o Lo1.q.
z:=z1:= o2Fi(3,5: 1), Q, and q.

If ¢ is replaced by ¢™, then the evaluations are given in terms of
Zp = 2F1(%7%;]—;ﬁ)7 67 and qn7

where 3 has degree n over a.

We utilize a new fourth approach in this paper in which G(q) and H(q) are
expressed as linear combinations of G and H with arguments ¢” for certain positive
integers n. Watson [34] discovered the first pair of formulas of this sort, but used
them to prove only one of the forty identities. We develop further formulas of this
kind and employ them in proving over a dozen of the forty identities.

We provide here statements and proofs of the lemmas from [9] that we use
in the sequel to establish several of Ramanujan’s forty identities. Some of our
proofs below actually use some of Ramanujan’s forty identities. Indeed, some of
our arguments are circular. However, in all such instances, we exhibit at least one
further proof of each particular entry, which is independent of the other entries.
Moreover, our arguments then show that certain pairs of entries are equivalent; for
example, Entries 3.7 and 3.12 are equivalent.

We begin with Watson’s lemma [34], Lemma 4.1. Watson’s proof of (4.23) [34,
p. 60] is based on Entries 3.2 and 3.3. Here, we provide a direct proof.

LEMMA 4.1. With f(—q) defined by (2.9),
_ @ 16 4
(4.23) G(q) = (G(¢"°) + qH(—q")) ,

(4.24) H(q) = -+ (H(¢"%) + G(—q")) .
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Proof. Employing (2.18) with ¢ replaced by ¢'° and a replaced by ¢, we find that

_ 2 8\ f(_ 10
f( qf(’_; ZJ;E))Q ):f(—qls,—q”)+qf(—q77—q23).

The left hand side of (4.25), by (2.6) and (2.11), is easily seen to be equal to
f(=¢*)G(q), and so we conclude that

(4.26) F(=)G(@) = f(—q"%,—¢"") + af (—q". —¢**).

Similarly replacing ¢ by ¢'°, ¢°, ¢°, and a by ¢, —q, —¢?, respectively, in (2.18) and
using (2.6) and (2.11), we find that

(4.25)

(4.27) f(=H(q) = f(—¢". ") + @ f(—q, —¢*),
(4.28) f(=)G(®) = f(d",¢®) — af (¢, "),

and

(4.29) f—H(?) = f(d*, d"") — af(q,94"").

Using (2.19) twice with n = 2, and with U, = (—1)7¢"" =21V, = (—1)7g!® +2
and U, = (—1)Tq15r2_8T,VT = (—1)Tq15T2+8T, respectively, we separate each term
on the right side of (4.26) into its even and odd parts and so find that

F(=a*)G(q) = f(a™,¢*) = ¢ f(a*,a""%) + 4 (F(a™,4") = d" [(¢",¢""))
= (@, ¢ = F(d"%, ") + a (f(¢*,d%) — ¢ f(¢*, d""0))
= f(=a*)G(¢"°) + af (—a*) H(—q"),
where in the last step we used (4.28) and (4.27) with ¢ replaced by ¢® and —¢*,

respectively. This proves (4.23). The related identity (4.24) is proved in a similar
way, and so we omit the details. (I

LEMMA 4.2. With x defined by (2.10),

(430)  x(—ax(g")Clg) = Xf(_qu)m—qG) - qﬁf—ﬁg)ﬂw)?
6 2
(4.31) x(—a)x(¢*)H(q) = q;z(_qqi)H(qG) + Xﬁzl)g)G(qM)-

Proof. By two applications of Entry 3.7, the second with ¢ replaced by —¢q, and
by Entry 3.20 with ¢ replaced by ¢2,

(4.32)

= (G(¢*)G(a°) +qH(¢*)H(¢*)) G(=¢°) — (G(¢*)G(=¢°) — aH (¢*)H(~¢)) G(q”)
= o) (G ) + HEPGW) =205

which, by (2.15), simplifies to

(4.33) V@)X (~*)G (") — x(—x(P)G) = 2025 r(g2)
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Employing (4.23) with ¢ replaced by —¢* and ¢3, respectively, in (4.33), we find
that

(4.34)
L(q) == x(a)x(—¢*) {G(@*®) — *H(=¢"*) } = x(—a)x(¢*) {G(¢"®) + ¢*H(—¢"*)}

f(=d°)x(=¢*) 2 2 6 2
2 —H =92 — H ,
I (—go) @) = 2ax(= )X H(7)
by (2.14) and (2.15). Collecting terms on the left side of (4.34) and using (5.7.10)
below, we find that

0) = {x(@)x(=¢*) = x(=a)x(¢*)} G(¢"®
= ¢ {x(@)x(—¢*) + x(=a)x(¢*)} H(—¢")

_ X(q4) 48\ o 3 X(qlz) 12

Hence, by (4.34) and (4.35),

12)

q X(q4) G( 48) —_9 3 X(q

x(—¢**) x(—¢®)

Dividing both sides by 2¢ and then replacing ¢* by ¢, we deduce (4.31). The
companion equality (4.30) is proved in a similar way, and so we omit the details. O

H(—¢") =2qx(—*)x(¢®) H(¢*).

LEMMA 4.3. We have

(4.36) X(@)x(=¢*)G () = x(—9)x(¢*)G(-¢°) = 2(15%2)
and
(4.37) X(@)x(—=¢*)H (") + x(—a)x(¢*)H(—¢") = 2>f_((5;2;)~

Proof. The proofs of (4.36) and (4.37) are very similar to the proofs of (4.30) and
(4.31), except that Entry 3.13 is used instead of Entry 3.20. We only prove (4.37),
since the proof of (4.36) follows along the same lines.

By two applications of Entry 3.13 and one application of Entry 3.20 with ¢
replaced by ¢°,

XA | XX
O T e )
={G(=¢")H(¢") + ¢G(¢" ) H(— q)}H(q9
+{G(¢"H(¢") — ¢G q4)H(q9)}H —q°)
= H(g") {G(~")H(¢") + G(")H(~¢")} = 7H(q;)8).
Using (2.15) above, we complete the proof of (4.37). 0
LEMMA 4.4. If
(4.38) a(q) = Xlox=a) b(q) = KLX(—QQ)7

x(—¢%)



22 BERNDT, CHOI, CHOI, HAHN, YEAP, YEE, YESILYURT, YI

then

(4.39) G(q) = a(g)G(¢°) — gb(g)H ("),

(4.40) H(q) = qa(q)H(q¢°) + b(q)G(q").

First Proof of Lemma 4.4. The equality (4.39) can be rewritten in the form
8 _

(4.41) iggzi G(q) = X*(9)G(¢%) - q;((q%))H(Q“)-

—_0 _

When the identities for X( q2), X( qs) ,
x(—¢*)" x(—¢*)

(3.9), and (3.3), respectively, it is easy to see that (4.41) is trivially satisfied. The

and x2(q) are substituted from (3.8),

proof of (4.40) follows along the same lines. O
Second Proof of Lemma 4.4. Define
(4.42) B(g):=G(q) +qH(¢") and  qA(q) := —H(q) + G(q").
Let us also define
x(=¢*)
4.43 s(q) =
(4.43) @ x(—q)
From the definition (4.42) and (3.3), we see that
(444)  —A(QH(q") + B(9)G(q") = G(9)G(a") + ¢H(a)H(q") = Xx*(q)-

Similarly, by (4.42), (3.9), (3.8), and (4.43), we find that
dA(9)G(¢°) + ¢B(9)H (¢°)
= —H(q)G(¢°) + ¢G(9)H(¢"°) + {G(¢")G(¢®) + *H(¢*) H(¢")}

R
(4.45) =5 )
By (3.8) and (4.43), we solve for B(q) and gA(q) in (4.44) and (4.45) and find that
_ X2(Q) 6\ 1 4 4
B(q) = S(qg)G(q ) q—s(q)s(qz)H(q ) +qH(q"),
1 4 2
0A(0) =~ Glt) — X H ) + Gl
which, by (4.42), immediately yield (4.39) and (4.40). O

Our fifth approach uses a formula of R. Blecksmith, J. Brillhart, and 1. Gerst
[13] providing a representation for a product of two theta functions as a sum of
m products of pairs of theta functions, under certain conditions. This formula
generalizes formulas of H. Schréter [5, pp. 65-72], which have been enormously
useful in establishing many of Ramanujan’s modular equations [5].

Define, for € € {0,1} and |ab] < 1,

(4.46) Jela,b) = 37 (=)™ (ab)" 2 (a/b)">.

THEOREM 4.1. Let a,b,c, and d denote positive numbers with |abl|,|cd| < 1.

Suppose that there exist positive integers a, 3, and m such that

(4.47) (ab)’? = (cd)™(m—oP),
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Let €1,€5 € {0,1}, and define 61,062 € {0,1} by
(4.48) 51 = €1 — aey (mod 2) and do = Ber + pea (mod 2),

respectively, where p = m — af. Then, if R denotes any complete residue system
modulo m,

fel (CL, b)feg (C, d) — Z(_l)egrcr(r+1)/2dr(r—l)/2

reR
aled)(@+H1=21)/2 p(cg)elatit2n)/2
X f51 ( o s - )
c d
(b/a)B/?(cd)P(m+1=2/2 (g /b)B/2 (cd)P(m+1+2r)/2
X f52 ( P 5 ar ) .

(4.49)

Proof. Setting s = k — an, we find that

fer(@,0) fey (c,d) = i (= 1)+ (ab)™ /2 (a /b)"/2 (cd)*" /2 (c/d)*/?
_ i (_1)51n+52(k—om)(ab)n2/2(a/b>n/2(Cd>(k—an)2/2<c/d)(k—om)/2_
n,k=—o0

Expand into residue classes modulo m and set k =tm +r,—oco <t < oco,7 € R, to
deduce that

fel (a b f62 c, d Z Z €1n+€2(tm+r—an)

reRn,t=—o0
% (ab)n2/2(a/b)n/2(Cd)(tm+r7an)2/2(C/d)(tm+r7an)/2'

Next, setting n = £ 4+ ft, —oo < £ < oo, we find that

fel(a b f€2 c, d Z Z 61 (U+Bt)+ea(tm+r—a(f+6t))

reR{t=—o0
2 m-r+r—o 2 m--r—o
x (ab)EHPD7/2 (g )b)(EFBV/2 (¢ q) bmtr=—altrBO)7/2 o /) (tmtr—alt+68)/2

Recalling that p = m — a8 and noting that tm +r — a(f + 8t) = tp +r — al, we
find that

Jer(a.b) fes(c,d) = ) Z JH A (—pealtrirmad

reER Ll t=—o0
x (ab) /2 (g /p)(EHBN/2(cq)(ptr—al)?/2 (o g) (tptr—al)/2

Now, by (4.47) and the definition p = m — o, we find that
(ab)ﬂ(€t+[3t2/2) (Cd)t2p2/2—tpae _ (Cd)ap(Et-i-Btz/Q) (Cd)t2p2/2—tpa€
_ (Cd)t%(a/ﬁﬂﬂ)ﬂ

= (cd)t'Pm/2,
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Hence, recalling the definitions of §; and o from (4.48) and the definition of f.(a, b)
from (4.46), we find that

fo(a,b) fey(c,d) =3 Z 1)28(—1)%28 (—1) 2" (cd)" /* (c/d)"/*

reR{t=—oc

<(onea) ™ (5 (0) ") e (5 5) o)

_ Z(_1)sgrcr(r+1)/2dr(r—1)/2f61 <G<Cd)a(oc+1—27")/2 b(cd)a(a+1+2r)/2>

a ’ «
c d

reER
(b/a)P/2(cd)P(m+1=2r)/2 (4 /p)B/2(cd)p(m+1+2r)/2
X f52 s s o ,

after some elementary algebra and elementary manipulation. ([l




CHAPTER 5

Proofs of 35 of the 40 Entries

5.1. Proof of Entry 3.1

We begin by proving the following identity from Chapter 19 of Ramanujan’s
second notebook [28], [5, p. 80, Entry 38(iv); p. 262, Entry 10(iii)]. Our proof is
taken from [5, pp. 81-82].

LEMMA 5.1. We have
(5.1.1) (=", —¢*) — ¢*° P (—¢,—q¢") = f(—q) {f(—ql/s) - q1/5f(—q5)} :
Proof. Apply (2.19) with a = —¢, b = —¢?, and n = 5. Then
U, = (_1)nqn(3n—1)/2 and v, = (_1)nqn(3n+l)/2.

Thus, by (2.9) and (2.19),

f(=q) = f(=¢,—¢%) = f(=¢*,—¢") —af(—q 25) +¢°f(=4%,—¢")
— ¢ f(—¢*,—¢7") +q22f( Q’QO)
=—qf(—q 2) { (—¢* 40)+q f(=4"% —¢%)}
(5.1.2) — P {f(—¢*, =) + qlof( %, —¢*)},

where we applied (2.5). We now invoke the quintuple product identity (2.18) twice,
with ¢ replaced by ¢?° and a = ¢°, ¢*°, respectively. We therefore find that (5.1.2)
can be written as

513) S +af(—) = f-) {{g ) p IEC O

= F(—g®, —¢%) —a = q15 )
By (2.6),
(5.1.4) f(=a4, =) (=", —¢*) = [(=a) [ (=)
Multiplying both sides of (5.1.3) by f(—q), but with ¢ replaced by ¢*/°, and using
(5.1.4), we deduce that
F=a) {#(=a"/) + ¢ f(=)}

_ _ 5 f(=¢* 4% _2/5 f(=¢,—q") }

= /oo { fCa—a) 1 R )

= 1*(=¢*,—¢") = *° (a0, —4"),
which completes the proof. (I

25
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Proof of Entry 3.1. Replace ¢*/ by ¢'/°C in (5.1.1), where ( is a fifth root of unity,
and multiply all five identities together. We then find that

(5.1.5) (=g [[F(=¢"°¢)
¢
=11 {fZ(—q27 —¢*) = ¢*°C f*(~q,—¢") - q1/5<f(—tJ)f(—q5)} :
¢

Multiplying out the products on each side of (5.1.5), we find that

LD ot =) = 000 - a0 P )
—5¢/*(=¢*, —") 1*(=¢, =) [P (=) [* (=)
(5.1.6) = 54f*(=¢* —@*) [ (=4, —a") (=) f (=¢°)-
By (5.1.4), (5.1.6) simplifies to
ELD 10— - 10 =) — a0 )

= 5¢f°(=q) f°(=¢°) = 5af*(—=a) f*(=4°)
(5.1.7) = =% —¢*) = 2 (a0, —¢*) = g f* (=) f* (=)
Multiplying both sides of (5.1.7) by f(—¢°)/f!'(—q), using (5.1.4), and lastly em-
ploying (2.11), we conclude that

T A G o0 A G Pt 10 Y G P W0 Gl ).

f12(—q) f12(—q)
(=, =) fo (=% —®)
—11
Ha 72(=q)
= G'"(q)H(q) — ¢*H" (9)G(q) — 11¢G®(q) H(q),
which completes the proof of Entry 3.1. O

5.2. Proofs of Entry 3.2
Proof. Using (4.23) and (4.24) in (3.6), we find that
x(¢®) = G(¢")H(q) — ¢°H(¢'*)G(q)

= }CE_Q {G(¢") (PH(¢"%) + G(—¢") — *H(¢"°) (G(¢"°) + ¢H(—¢")) }
8
Fo (GG ™) — g H =) ()}
Therefore, by (2.14) and (2.15), we deduce that
9

G(=¢")G(¢") - ¢"H(—¢")H(¢"") = ;E—ZS;X(qQ)
XA fF(=a)x(@®) e 4
BTN =)

which is Entry 3.2 with ¢ replaced by —q*. (I
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In his lost notebook [29, p. 27], Ramanujan offers the beautiful identity

i anbnqn2 i a72nq4n2 N i anbnq(n+1)2 i a72n71q4n2+4n
= (@hq)n = (batsq)n = (@%an 2= (ba%5q')n
flaq,q/a) — 1 1)2 S v
(5.2.1) =———"—"—(1-b) a™t q("+ ) —_—
(bq*; q*)oo nz::O ; (¢*:¢);

If we set @ = b = 1 in (5.2.1) and multiply both sides by (—¢?;¢?)eo, We see that
(5.2.1) reduces to

N g a e gD p(g)
(5.2.2) (=¢*;q )mgi(q4;q4)7l G(g")+ (4% q )mzi(q4;q4)n H(q") :

However, Rogers [31] proved that

n=0

PN . —qnz -
(—¢%q )m;(q4;q4)n G(q)

and
9 5 o n2+2n
—q%4") o —— = H(q),
( ) nz::o (g% q)n (@)

and so (5.2.2) reduces to (3.3). A proof of (5.2.1) has been given by G. E. Andrews
[1, pp. 28-33].
5.3. Proof of Entry 3.3

Entry 3.3 follows from combining Entry 3.2 with the following lemma.

LEMMA 5.2. We have

(5.3.1) ¢* (@) —¥*(¢°) = 4qf2(—q10);<((q%))-

Proof. By Entry 10(iv) in Chapter 19 of Ramanujan’s second notebook [28], [5,
p. 262] and the Jacobi triple product identity (2.6),

©*(q) — ©*(¢°) = 4af(a.¢") f(*.q")
=49(=4:¢") e (=% 0" ") o (=% 0" ") s (=073 ¢"*) e (¢"%5 ¢") %

02
= 4qf2(q1°)((_qg’, 3133"

= 4qf*(—¢"")

and the proof is complete. (I
The identity (5.3.1) is an analogue of

©*(q) — 50%(¢°) = _4f2(_q2)X(q

which is found in Ramanujan’s lost notebook [29] and was first proved by S.—
Y. Kang [20, Thm. 2.2(i)].
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Proof of Entry 3.3. The proof which follows is due to Watson [34]. From Entry
3.2, (2.11), and (5.1.4), we find that

{G()G(q*) — qH(q)H(¢")}" = {G(a)G(¢*) + qH (9)H (¢} }”

— 4¢G(q)H(q)G(q¢*)H(q")
e, (=) f(=¢*)
(53.2) NECD) 1 F=a) f(=q*)

A straightforward calculation shows that

f2(=¢%)
5.3.3 x(q) = ———"—.
(5:3.3) & f(=a) f(=a*)

Using (5.3.3) twice, we find that (5.3.2) can be written in the form

(@) — 40 (—q*) L

2 x(¢®) _ ()
G(9)G(¢") —qH(9)H(¢")} " = = :
[G@G@") -t @HG") e e
where we applied Lemma 5.2. Taking the square root of both sides above, we
complete the proof. O

5.4. Proof of Entry 3.4

By employing (2.11), we easily find that the proposed identity is equivalent to
the identity
(5.4.1) f(=q,—a")f(=4*. —*) = " f(=a*, —*) F(=a"", —a™") = f(=q) f(—=¢").
To prove (5.4.1), we apply the ideas of Rogers, in particular, (4.13) with the two
sets of parameters a; = 1,61 = 11,m; = 3,p1 = 5,A\1 = 4 and as = 1,0 =

11,me = 1,p2 = 3, A2 = 4. The requisite conditions (4.9) are readily seen to be
satisfied. Using (4.16) and (4.17), we derive the identity

F(=a*, =) f(=¢", =4*°) = ¢" f(=q", =¢") F(=4**, =¢°) = f(=a*) F(=d*),
which is the same as (5.4.1), but with ¢ replaced by ¢*.
5.5. Proof of Entry 3.5

The proof of Entry 3.5 is very similar to that for Entry 3.22 below. In fact, we
reduce the desired equality to the same new modular equation (5.21.11) of degree
5. Remarkably, Ramanujan derived 27 modular equations of degree 5, although
several are “reciprocals” of others [5, pp. 280-282, Entry 13]. In Ramanujan’s
terminology, let 8 have degree 5 over «.

LEMMA 5.3. If B has degree 5 over a, then

(5.5.1) (1 o 5)1/4 - (1 o O4)1/4 _ 22/3(045)1/6{(1 _ a)(l _ B)}1/24_
Proof. Let

¢*(q)

¢*(¢°)

denote the multiplier of degree 5. As in [5, p. 284, eq. (13.3)], define

(5.5.2) p:=vVm3 —2m?2 + 5m.
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We shall need the following parameterizations for certain algebraic functions of «
and 3, namely [5, pp. 285-286, egs. (13.8), (13.10), (13.11)],

(553) (16ap(1 — )1 — g0 = =B M)
(5.5.4) {1-a)Pa-pN"" = %Z;Mﬁ
and
(5.5.5) {(1—a)1-pP}* = #’
where p is defined by (5.5.2). Using (5.5.3)—(5.5.5), we find that
- -a-a  {0-a)a-p" - {a-aPa-p)}""
22/3(af) /6 {(1 — a)(1 — B)}1/2! 22/3 {af(1 — a)(1 — §)}/°
_ (p=m*+3m) — (p— 3m +5)
(m—1)(5—m)
= M -1
(m —1)(m —5) ’
which completes the proof. [l

We begin the proof of Entry 3.5 with the system of equations
G(q'°)H(q) — ¢’ G(@)H(¢"®) = T(q),

G(¢*)G(¢") + ¢"H(¢")H(¢"%) = ola).

G)G(gY) — ¢ H () H(g"®) = L9

From the first equation above, we see that our task is to prove that T(q) = x(¢?).
The second and third equations are simply (3.3) and (3.4), respectively, but with ¢
replaced by ¢*. Regarding this system in the variables G(¢'%), ¢*H(¢'%), and —1,
we see that

H(q) -Gla)  T(9)

f(=¢®) | =0.
Gl¢") —qH(g") =

(¢*°)
f(=¢®)

Expanding the determinant in (5.5.6) along the last column, we find that

—2¢G(q")H (q")T(q) — old’) {G(9)G(¢") — qH(9)H(¢")}

f(=¢®)

©(¢*) 4 4\
(5.5.7) * ) {G(a)G(q") + qH(q)H(¢")} = 0.
Using (2.12), (3.3), (3.4), and
(5.5.8) fea) x(—=¢") = x(=¢*)x(¢*),

J(=¢%)
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which arises from (2.15), we can write (5.5.7) in the form

L f=0) s eldt) (@) (@) ele)
(559) D R vy b ey Ry [ )
Rearranging (5.5.9) while using (5.5.8), we find that
2 2
(5.5.10) 2¢T(q) = X)) {e(@e(d®) —¢(d”)e(g")} -

f(=¢®)f(=¢*)
Recall the representations [5, pp. 122-124, Entries 10(i), (v), (ii), 11(v), 12(iii),
(iv), (vii)]

(5.5.11) ola) = Va1, pla") = Sy {1+ - )1},
(6512)  p(—q) = V(1 - a)'/*, W) = %@{1 —(-a)),
(5.5.13)

—o?) = Szo-1/3 a(l —a) e A = 23 (1—a)a* 1/24
rea) = var e () T g = e (UP)
and

a2\ V2
(5.5.14) (—g?) = 21/ (%) 7
where
Zn = (q").

Recall from the theory of modular equations that, if n is the degree of the
modular equation, then (5.5.13) also holds with z1, ¢, and « replaced by z,, ¢",
and 3, respectively, where 3 has degree n over a.. Hence, from (5.5.13) and (5.5.14),
we find that, after simplification,

xX(=4*) 2'/%
5.5.15 - .
( ) f(=a*)f(=¢*°) 7125 (aB) /6 {(1 — a)(1 — )}/
Employing (5.5.15) and (5.5.11) in (5.5.10), we deduce that

x(@*)2"q
VEzs(aB) /0 {(1 - a)(1 - )}
x ez (s {1+ - - i a-a)i )
_ (@2 {1 - 8)Y - (1)t}
(Oéﬁ)l/ﬁ {(1 _ Oé)(l _ ﬁ)}1/24
(5.5.16) = 24x(¢%),

by Lemma 5.3. Equation (5.5.16) is trivially equivalent to (3.6), and so the proof
is complete.

2qT'(q) =
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5.6. Proofs of Entry 3.6

First Proof of Entry 3.6. By using (2.11), we find that in order to prove Entry
3.6, it suffices to prove that

(5.6.1)  f(=¢* =) f(=¢"%, =) + P f(—=¢,—a") (=", =¢*°) = f*(=¢").

We apply (4.13) with oy = 1,81 =9,m1 = 1,p; =5, A\ =2 and with ay = 3,02 =

3,mo = 1,ps = 3, A2 = 2. We easily check that these two sets of parameters satisfy
conditions (4.9). From (4.13) and (4.15), we then deduce the identity

f=a" =) (=%, =) + ¢ f (=, —a®) F (=4, —a™) = f2(=d%),

which is precisely (5.6.1), but with ¢ replaced by ¢2. This then completes the proof
of Entry 3.6. O

Second Proof of Entry 3.6. We rewrite (5.6.1) in the form

i i (_1)m+nq(5m273m+5n27n)/2

m=—co n=—00
m=0 (mod 3)
oo oo ) )
JrqQ Z Z (71)m+nq(5m —9m+5n~—3n)/2
m=—oco n=—00
m=0 (mod 3)
oo

(5.6.2)

2_m n2_n
o (mymhngtmtemEnn 2 = p(g).

m,n=—0o0
m=0,n=0 (mod 3)

Now, for (a,b) € {0,+1,+2}, set
2m+n=5M +a and —m+2n=5N +b.
Hence,
m=2M—N+(2a—0b)/5 and n=M+2N+ (a+2b)/5,

where the parameters a and b are given in the first table below. The corresponding
values of m and n are given in the table which follows.

a 0 1 -1 2 -2

b 0 2 -2 -1 1

m | 2M — N 2M — N 2M — N 2M -N+1|2M—-N -1
n | M+2N | M+2N+1| M+2N -1 M+ 2N M+ 2N

Recalling that m,n = 0 (mod 3), for the five cases in the table above, we find
that, respectively,

M = N = 0(mod 3), M=1,N = —1(mod3), M =—-1,N =1 (mod 3),
M =N = —1(mod 3), M = N =1 (mod3).

Calculating the corresponding values of m? +n? —m — n, we find that

> 2_ 2_
F(q) _ Z (_1)M+Nq(5M 3M+5N-—N)/2

M,N=—0c0
M=0,N=0 (mod 3)
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S
n Z (—1)MA+N+14(BM*=M+5N*+5N) /2
M,N=—oc0
M=1,N=-1 (mod 3)
> 2 2
I Z (—1)MA+N+14(BM?=5M+5N? —5N+2)/2
M,N=—oc0
M=-1,N=1 (mod 3)
> 2 2
n Z (—1)MAN+L(GM+M+5N?=3N) /2
M,N=—0oc0
M=-1,N=—-1 (mod 3)
> 2 2
i Z (—1)MH+N=14(BM>~TM+5N?+N+2)/2
M,N=—0oc0
M=1,N=1 (mod 3)
(5.6.3) =: 51+ 59+ 55+ 54+ S5.
First, setting M = 3m — 1, we find that
Z (71)Mq5(M2,M)/2 _ Z (71)mq45m(m71)/2 _ *f(*]-, 7q45) =0,

M=— m=—00

M=-1 (moc?d 3)
by (2.4). Hence,
(5.6.4) S3 =0.

Replacing M by M + 1, and then changing the signs of M and N, we readily find
that

o0

2 2
S5 = Z (_1)M+Nq(5M +5N2—3M—N)/2

M,N=—oc0
M=0,N=-1 (mod 3)

Changing the signs of M and N and then replacing M by M — 1, we deduce that

(oo}

2 2
Sy = ¢ Z (71)M+Nq(5M +5N?—9M—3N)/2

M,N=—oc0
M=0,N=1 (mod 3)

Replacing M by M — 1, we easily see that

oo

S, = ¢? Z (_1)M+Nq(5M2+5N2—9M—3N)/2_
M,N=—o0
M=0,N=-1 (mod 3)
Hence,
(5.6.5) S+ S5 = Z (_1)M+Nq(5M2+5N2—3M—N)/2
M,N=—oc0
M=0,N=0,—1 (mod 3)
and
(5.6.6) Sy + Sy =¢? Z (_1)M+Nq(5M2+5N2—9M—3N)/2.
M,N=—c

M=0,N=%£1 (mod 3)
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Substituting (5.6.4)—(5.6.6) in (5.6.3) and comparing this with (5.6.2), we see
that in order prove (5.6.2), we need to show that

o0

Z (_1)m+nq(5m2+5n2—3m—n)/2

m,n=—o0

m=0,n=1 (mod 3)
(5.6.7) + ¢* Z (_1)m+nq(5m2+5n2—9m—3n)/2 —0.

m,n=—o0

m,n=0 (mod 3)
If we set m = 3k, n =31+ 1 and m = —3I, n = 3k in the first and second sums of
(5.6.7), respectively, we easily deduce (5.6.7), and so the proof is complete. O

Entry 3.6 is a natural companion to Entry 3.13; in Section 5.13, a third proof
of Entry 3.6 will be concomitantly given with a proof of Entry 3.13.

5.7. Proofs of Entry 3.7

First Proof of Entry 3.7. Using (2.11), we can write (3.8) in the alternative form
(5.7.1)

3
gt g~ —a) + e -~ s —a) = F—?) (g L),

Using

(5.7.2) X(—¢*) = PE) x(—q) =

from (2.14), we rewrite (5.7.1) as
(5.7.3)  f(=a",=d")f(=d°,=") + af (=%, —a) f (=%, —¢"%) = ¥ (@) (—¢’).
For a and b in the set {0, +1, +2}, let
m+3n=5M+a and m —2n=5N +b,
from which it follows that
n=M-N+(a—0)/5 and m =2M + 3N + (2a + 3b) /5.

It follows easily that a = b, and so m = 2M 4+ 3N +a and n = M — N, where
—2 < a < 2. Thus, there is a one-to-one correspondence between the set of all
pairs of integers (m,n), —oo < m,n < oo, and triples of integers (M, N,a), —co <
M, N < 0o, =2 < a < 2. From the definitions (2.8) and (2.7) of ¥(q) and p(—¢>),
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the indicated changes of indices of summation, and (2.4),

oo

W()p(—*) = Y (~1)rgmimiD s

o0

2
2
_ Z qa(a+1)/2 Z (_1)Mq5M +(142a) M

a=—2 M=—oc0
o0
N _15N?%/243N/2+3aN
XY (=1)N gt /N
N=—00

2
_ Z qa(a+1)/2f(_q4—2a’ _qﬁ—&-Qa)f(_qﬁ—Ba7 _q9+3a)

a=—2
=2f(—q",—¢°) f(=d®, ") + 2af (=¢*, —¢*) f (=¢*, —¢*)
+@° f(=1,-¢") f(~1,—¢")
=2f(—q",—4°) f(=d°, ") + 2af (=¢*, —¢*) f (=¢*, —¢*?),
which is (5.7.3). So we complete our proof. O
Second Proof of Entry 3.7. Using (4.23) and (4.24) in (3.13), we arrive at

x(=a*)x(=4**) = G(q)G(¢*) + ¢°H(q)H(¢**)

x(=a)x(—q*)
= ;E:Zi; {G(@®) (G(@*°) + qH(—q"))
+¢°H(¢*") (¢°H(q") + G(—¢")) }
_ =) {G(q16)G(q24) +¢*H(¢"")H(¢*)
f(=a?)
(5.7.4) +q (H(=¢"G(¢*) + q4G(—q4)H(q24))}-
By several applications of (2.14), we deduce from (5.7.4) that
(5.7.5)
G(¢")G(¢*) + ¢*H(¢" ) H(¢**) + ¢ (H(—¢")G(¢**) + ¢* G(—¢" ) H(¢*))
_ XX (=) f(=4?)

= x(@)x(—¢*)x(—=¢").

X(=a)x(=a*) f(—4®)
Therefore, it suffices to find the even and the odd parts of x(q)x(—¢®). By (2.6),
(2.8), and (2.17),

F(=a,=0°) = (4:0°) (0% ¢°) 0 (0% ¢°)

= —(Sé;;qqg;; (4% ¢%)oc
(5.7.6) = x(=9)¥(¢*) = x(=)x(¢*) f(—¢"?).

Employing (2.19) with n = 2, a = ¢, and b = ¢°, we also find that

(5.7.7) fla,d°) = f(a®,¢"%) + af(d*, ¢*°).
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It is also easily verified that (see [5, p. 350, eq. (2.3)])

(5.7.8) Flag?) = 50,

Therefore, by (5.7.6), (5.7.7), and (5.7.8), we find that

nd
s f@d®) _ f@®4") | flat,e*)
x(@)x(=¢°) = f(=¢'?) — f(=q?) tq f(=q?)

__ e(=a*) x(@)x(=¢"*) f(=¢")
(o7 T ) I [
Next, by several applications of (2.14), we deduce from (5.7.9) that

12 4
(5.7.10) x(@)x(—¢%) = j((qu)) +qx)(<£22)4)-

Therefore, by (5.7.5), (5.7.10), and (2.16),
(5.7.11)

G(q")G(¢*) + ¢ H(¢" ) H(¢**) + ¢ (H(—¢")G(¢**) + ¢*G(—¢" ) H(¢**))
Cox(@®)x(=¢") | x(gx(=¢"?)  x(=¢*) N x(¢*)
 x(—¢®) EET T ES T ey
Equating the even parts on both sides of the equation (5.7.11), we obtain Entry

3.7 with ¢ replaced by ¢®. Similarly, equating the odd parts gives Entry 3.8 with ¢
replaced by —q¢*. O

5.8. Proof of Entry 3.8

We have just given a proof of Entry 3.8 along with one of our proofs of Entry
3.7. We provide a second proof here.

If we use (2.11), we can put Entry 3.8 in the form
(5.8.1)

F(-a ") (0, ~a") — 0~ ) F(—a® —¢*") = ;‘((_q?) F(—a) (%),

Using (2.7)—(2.10), we can rewrite (5.8.1) as
(5.8.2)  f(=4'% =4"")f(=¢,=¢") — af(—=a*, —*) F(=¢". =¢*") = ¥(¢*)p(—0).
In the representation,

(583)  2(@")p(-q) = FL&) f(—q,—q) = Y (~1)rglm timiiz,

m,n=—00
we make the change of indices

(5.8.4) 3m—2n=5M+a and m+n=5N +b,

where a and b have values selected from the integers 0, 1, £2. Since

(6.85) m=M+2N+ (a+2b)/5 and n=-M+3N+ (3b—a)/5,

we see that values of a and b are associated as in the following table:

a ] 0 1 +2
b 0 12 1
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Thus, there is a one-one correspondence between all pairs of integers (m,n) and all
sets of integers (M, N,a) as given above. We therefore deduce from (5.8.3), (2.4),
and (2.5) that

o0

2 2
2w(q3>90(_Q) _ Z (_1)nq(3m +3m+2n?)/2

= —qf (=, -V (—=¢®, =) — af (=%, =) F(=d°, —¢*)
+ f(=¢, =) (=4, —=¢") = ¢ F (-1, -¢") F (-1, =¢)
—qf (=% —a ) f(—¢"%,—¢"®)

= -2¢f(—¢*, —") f(—=¢°, =) + F(—q, —¢") f(—q"%, —¢"®)
+ f(=¢,—¢") f(—4¢"%, —¢"%)

=2f(=¢,—¢") f(=4"*, =¢"®) = 2¢f (=", =) F (—®, —¢**).

By (5.8.2), we see that the proof is complete.

5.9. Proof of Entry 3.9
By using (2.11) and (2.14), we find that Entry 3.9 is equivalent to the identity

Fl=g" =) F (=% —¢®) — af (=¢*, —a®) F(—a", —®®) = F(=¢*) f(—qT) 2=
(5.9.1) = f(=)f(=¢").
We invoke (4.13) with the two sets of parameters oy = 2,081 = 7,m; = 3,p1 =

5,A1 =5and ag = 1,09 = 14,mo = 1,p2 = 3, A2 = 5. The conditions in (4.9) are
easily seen to be met. By using (4.14) and (4.15), we find that

f=%, =) (=", ") = @ f(=a®, —a") F(=a"*, =) = F(=®) F(—=¢®).

Replacing ¢2 by ¢ in the last equality, we deduce (5.9.1) to complete the proof.

5.10. Proof of Entry 3.10
By using (2.11) and (2.14), we find that Entry 3.10 is equivalent to the identity

F= =) (=, =) + ¢ f (=4, =) f(—=¢"*, —¢°°) = fF(=q) f(—¢")
(5.10.1) = f(=a*)f(=d").
We now apply (4.13) with a; = 1,61 = 14,m1 = 1,p1 =5,y =3 and as = 2,05 =
7,ms = 1,ps = 3, A2 = 3. We easily find that these sets of parameters satisfy the
conditions in (4.9). Employing (4.13) and (4.15), we find that

(5.10.2)
f(=a*, =) (=%, =) + ¢ F(=®, —®) F (=, —¢'*?) = f(=a") F(—¢'),

which is (5.10.1), but with ¢ replaced by ¢, and so the proof is complete.
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5.11. Proofs of Entry 3.11

First Proof of Entry 3.11. By employing (2.11), we see that Entry 3.11 is equiva-
lent to the identity

(5.11.1)  f(—¢"%, =*f(—=*, —a"?) — af (=d®, =" f (=, —¢*?)

Ly gty XOX(=at)
= =) (= )x(—q3)x(—q12)'

We apply (4.13) with the two sets of parameters oy = 3,51 = 8, m; = 3,p1 =
5\ = 7and e = 2,8y = 12,mg = 1,p3 = 2, Ao = 7. The conditions (4.9) are
easily seen to be satisfied. Using (4.14) and (4.16), we find that

(5.11.2)

F(=a®2, =) f(—=¢°, —**) — (=", —a"®) f (=", —¢®*) = ¥ (=) (—¢"?).

After replacing ¢% by ¢ in (5.11.2) and comparing the result with (5.11.1), we find
that it suffices to show that

P(=v(=¢®)  x(=9)x(—=¢")
(5.11.3) FCA )~ X)X

By using the product representations for ¢(—¢®) and f(—¢“) in (2.8) and (2.9),
respectively, we find that

Y(=q)¥(=¢°) (% 4°) oo (0", 4"%)
f=@) f(=¢®)  ( 6, 41) 00 (0% 4%) 0 (03 ¢%) 0
_ (@%6%)00(4: 400 (4", 41) 00 (4% 4o
(4% 4%) 00 (012, 6%*) 0 (035 ¢3) 0 (4% ¢®) 0

q

Thus, the proof of (5.11.3) is complete, and so is that of Entry 3.11 also complete.
O

Second Proof of Entry 3.11. Using (4.23) and (4.24) in (3.9), we find that

;((_q%)) =G(¢®)H(q) — qG(q)H(¢")
3
= ;E_Zgg {G(¢°) (PH(¢") + G(—q¢")) — qH(¢°) (G(¢"°) + q¢H(—q")) }
f(=¢®




38 BERNDT, CHOI, CHOI, HAHN, YEAP, YEE, YESILYURT, YI

By (2.15) and (2.17), and by (5.7.10) with ¢ replaced by —¢q, we deduce from (5.11.4)
that

(5.11.5)
G(—q"G(°) = PH(—¢"H(¢®) — ¢ (H(¢®)G(¢"%) — ¢°G(¢°)H (¢"°))
x(=of(=» (=4 B 3
= XA~ Fee (=) D)
__ f=a?) {x(q”) _ o x(gY) }_ X(=*)x(a"?) _ x(=a*)x(=¢°)
f(=¢®)x(—=q°)

q = q .
x(=¢*)  “x(=¢*) x(@x(=¢%)  “x(=¢®)x(=¢**)
Equating the even and odd parts on both sides of the equation (5.11.5), we obtain
Entries 3.23 and 3.11 with ¢ replaced by —¢? and ¢2, respectively. (I

5.12. Proofs of Entry 3.12

The first proof that we give is due to Bressoud [14].

First Proof of Entry 3.12. Using (2.11), we readily find that Entry 3.12 is equiv-
alent to the identity

(5.12.1)  f(=*,=¢*)f(=a"*,—4") + ¢’ f(=¢, —¢") f(=¢**, —¢*°)
X(=¢*)x(—q
= f=a)f(=¢* :
ol xX(=@)x(—q*)

We apply (4.13) with the two sets of parameters oy = 1,51 = 24,m; = 1,p1 =

5 M1 =5 and as = 4,05 = 6,my = 1,ps = 2,2 = 5. We find that the conditions

in (4.9) are satisfied. Hence, using (4.15) and (4.18), we deduce the identity

(5.12.2)

F(=a",=a") F(=a", =a"") + ¢ F (=", =a*) F (=", =¢"") = (=g ) (—").
Replacing ¢ by ¢ in (5.12.2) and comparing it with (5.12.1), we find that it suffices
to prove that

12)

P(=)(=) _ x(=2*)x(=¢"?)
(2:12:3) TCFC) ~ XCoxCa)
Using the product representations of ¢(—¢®) and f(—q®) from (2.8) and (2.9),
respectively, we find that
¢(—q2)¢(—(13) _ ( 1 q ) ( 6)00
FEQF (=) (63400 (—% %) o ( D)oo (45 4°%) oo
(q,Q)oo( 1000 (0% 0%) oo (¢ )
(¢° q)(y)oo(q7 oo
(7% 4*) o0 (4% ¢%) s X (=0°)
X(=4*)(4; @)oo ( 12)oo(q24;q24)oo
_ (2% ¢%)oox(=4°)
xX(—a)x(—q )( 0:")o0 (0741 ¢*) oo
_ x(=)x(=¢"?)
X(=a)x(=¢*)
which establishes (5.12.3), and so the proof is complete. O

)
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Second Proof of Entry 3.12. Using (4.23) and (4.24) in (3.8) with ¢ replaced by

q®, we arrive at

(5.12.4)
3
XL — GG + ot () H )
o4
= J;((_qq6)) {G(®) (G(q"®) + *H(—¢")) + ¢H(¢*) ("H(¢"®) + G(—¢"?)) }
= J;((_Zs)) {G(qg)G(q“S) +q' " H(q*)H (¢")
+q (H(¢*)G(—¢"%) + q2G(q2)H(—q12))}~
That is,
(5.125) G(¢*)G(¢*) + ¢"°H(¢*)H(¢*) + q (H(¢*)G(—¢") + ¢*G(¢*) H(—¢"?))
_ f=O)x(=d?)
f=*)x(—q)

Therefore, by (5.7.10), (2.15), and (2.14),
(5.12.6)

FEO (=) e @x(=a)) - x(=a)x(=¢*) . x(aD)x(=¢)
FEEXEe) — FEEXCER) ) I
Returning to (5.12.5), we use (5.12.6) to equate the odd parts on both sides of the

equation, and, upon replacing ¢2 by —¢, we find that

x(¢*)x(a*)
H(=q)G(=¢°) = 4G(=q)H(—¢") = 7=,
(FaG=) COH (=) x(2)x (%)
which is Entry 3.24. Similarly, equating the even parts in (5.12.5), employing
(5.12.6), and replacing ¢ by ¢, we deduce that

xX(—=¢*)x(—¢'?)
x(—a)x(—q¢*)
which is Entry 3.12. O

G(q)G(*") + ¢*H(q)H (¢**) =

5.13. Proofs of Entries 3.13 and 3.14

Throughout this section, we shall use several times without comment the ele-
mentary identity (2.5). To prove Entries 3.13 and 3.14, we also need the following
lemma.

LEMMA 5.4. For|q|<1, 2 #0, and y # 0,
fl=z, =2 ') f(~y,—y "q)
(5.13.1) = f(zy, (zy) " '®) fx 'y, zy 'q) — af (zyq, (xy) " @) f(z y, 2y~ ?).

In this form, Lemma 5.4 is given as Theorem 1.1 in [18, p. 649]. However, it
is easily seen that Lemma 5.4 can be obtained by adding Entries 29(i) and (ii) in
Chapter 16 of Ramanujan’s second notebook [5, p. 45].

LEMMA 5.5.
(5.13.2) =", —a®) + (¢, —¢%) = F(=, ") (=) x(d®).
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Proof. Replacing ¢, z, and y by ¢3%, —¢°, and ¢'®, respectively, in Lemma, 5.4, we
find that

(5.13.3)

F=a"" =) + ° f(=¢", =) = f(¢*, ) F(=¢"%, ") = ¥(a")o(—4™®).
Using (2.13)—(2.15), or using (2.7)—(2.9), we can easily conclude that
(5.13.4) p(=¢*)v(9) = ()i (—q)-

Therefore, by (5.7.8) with ¢ replaced by —¢*, and by (5.13.4) with ¢ replaced by
q°, we find that

(5.13.5) F(=¢% )0 (=" )x(@®) = ¥(=a")p(¢”) = ¥(¢")p(—¢"®).
Thus, we have proved Lemma 5.5. (]
LEMMA 5.6.
f(=", ="V (=¥ —a®) + & F (=, =) F (=", —¢*)
+ (=, - (4", =) = ¢ F(=4"°, =) F (=4, —¢*)
(5.13.6)  =v*(—¢")x(d®).

Proof. Replacing ¢, z, and y by ¢35, ¢%, and —¢'%, respectively, in Lemma 5.4, we
find that

f= =Y (=%, ") — ¢ F (=", =) f(—q°, —¢°)
(5137) = f(fqﬁa 7q30)f(q157q21)5

and replacing ¢, z, and y by ¢3%, —¢3, and ¢, respectively, in Lemma, 5.4, we find
that

f(=a°.—a®) F(—=¢*, - + P F ("7, —¢") F(—¢*, —¢*)

(5.13.8) = (&* ) f(=¢® —*).
By (2.19) with a = ¢, b = ¢® and n = 2, we deduce that
(5.13.9) (4% = f(d", ") + @ f(¢®, ¢%).

Thus, by (5.13.7)-(5.13.9), we find that
f= =N (=T, =) + ¢ f (=, —a®) F(—=a*T, —¢®)
+ @ f(—0*, —*) f(—=¢°, —¢%) — ° F(=4"°, —") f(—¢°, — %)

(5.13.10) = f(¢*,¢°) f(—4® —q*).
One can easily verify that
(5.13.11) 3 (—q) = Y(@*)p(—q).

By (5.7.8), (5.7.6), and (5.13.11) with ¢ replaced by ¢*, ¢%, and ¢°, respectively,
and by (2.15), we conclude that

@ ) (=g, ) = L gy

(5.13.12) = o(—" ) (d"®)x(¢*) = ¥* (=" )x(d*).

Thus, we have proved Lemma 5.6. (]
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THEOREM 5.1. For|q|<1,
f=¢, =N (=¥, =) = ' f(=¢*, —*) F(—=¢°, —¢%)
x(=9)x(=¢%)
5.13.13 = (0" 0" o0 (0" ¢")oo ——35"—5+-
( ) (@5 @ )eld5 ) X(—=¢*)x(—¢'®)
Proof. Replacing n, a, and b by 3, —q, and —¢, respectively, in (2.19), we find
that

(5.13.14)  f(=q,—4¢") = f(=¢*", =¢*) = af (=¢*", —¢"") = ¢" f(—¢*, —¢*);
replacing n, a, and b by 3, —¢3, and —¢°, respectively, in (2.19), we find that
(5.13.15)  f(=¢’,—¢") = f(=¢**, =¢*) = ¢’ F(=4"°, =¢"") = ¢’ [ (=¢", —¢*);

and replacing n, a, and b by 3, —¢, and —¢?, respectively, in (2.19), we find that
(see also [5, p. 49, Cor.])

O(=q) = f(—¢,—¢") = f(—=¢"°, —*") —af (=", =) — *F(—¢*, —¢*)
(5.13.16) = f(—¢*,¢°) — qv(—4"),

where in the last step, we used (5.13.9) with ¢ replaced by —gq. Then, by (5.13.14)
and (5.13.15), the left-hand side of (5.13.13) equals

=", =4") = af (=¢*, —a*") f(=a*", —¢"°)

4" f(=¢*,=a®) f(=*", =¢"°) = " f(=a®, =) f (=", —47)
(5.13.17) 44" f(=¢", ="V (=", —a®) + " F*(=¢", =%).
Therefore, by (5.13.17), Lemma 5.5, Lemma 5.6, (5.13.16), (2.16) and (2.17) the
left-hand side of (5.13.13) equals

f(=*. ") (—a”)x(¢®) — a*(—a°)x(¢*)
=(—¢")x(¢*) {F(=¢*,4°) — qp(—=¢”)}
(5.13.18) — (- ah(~a"x(e®) = F(—a")x(~a) )f =

We have thus completed the proof of Theorem 5.1. O

THEOREM 5.2. For|q|< 1,
F=a",=a') f(=¢"%, =a*") — af (—a®, —a**) f (4", —¢™)
= f(=a,—¢") f(=4",=¢'"®) = d" f(=*, —*) F (=", —¢'**)
(5.13.19) = f(=¢,~a")f(=¢"",—¢") = ¢" f(=¢’, —¢°) f (=4, —4*).
Proof. We apply the ideas of Rogers with the three sets of parameters a1 = 4,
b1 =9 m =3, p1 =5, M1 =9 a =1, 0 =36, my =3, py =05, g =09

and ag = 2, O3 = 18, m3 = 3, p3 = 4, A3 = 9. The requisite conditions (4.9) are
satisfied. Therefore, we find that

q9/4f<_q8’ _q32)f(_q36, _q54) _ q17/4f(_q16, _q24)f(_q18’ _q72)
=" f(—a* —*) F (=", —*"%) — ¢ F(—*, —a®) F (=™, —*%®)
(5.13.20) = ¢”*f(—q% —g") F(—¢°*, —¢*°) — ¢*/* F(—¢°, —¢'*) F(—¢'%, —¢'%).

Dividing each term of (5.13.20) by ¢°/*, and replacing ¢> by g, we are able to derive
(5.13.19) from (5.13.20). O
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We are now going to prove Entries 3.13 and 3.14.

Proof of Entry 3.13. By Theorems 5.1 and 5.2, we find that
f=a",=a") f(=¢"%, —¢"") — af (=¢*, —a"*) f (=4, —¢*°)

x(=9)x(=¢%)
5.13.21 = (¢ 9" (4”4”0 :
( ) (@58)(057) X(=¢*)x(=¢'®)
Dividing both sides of (5.13.21) by (¢*;:¢*)s0(¢”; ¢°)so and using the definitions of
G(q) and H(q), we derive Entry 3.13. O

Proof of Entry 3.14. By Theorems 5.1 and 5.2, we find that
Fl=a. ="V (=", —¢'®) = d" f(~

x(= Q)X( °)
5.13.22 = (¢*; ¢ (q";q e
( ) (4% 4")oe(a”5¢")o0 = 3)X 3)
Dividing both sides of (5.13.22) by (¢; ¢)0(¢%%; ¢*®) and using the definitions of
G(q) and H(q), we find that the left-hand 81de of (5.13.22) equals G(¢*¢)H(q) —
q¢"G(q)H(q%®), and the right-hand side of (5.13.22) equals

(0% 0)50(0%0")oo ~ x(=)X(=¢°) _ x(=a°)x(=¢")

(4 9)00 (9% ¢*%) 00 X(=a®)x(="*)  x(=¢*)x(=¢*)’
which completes the proof of Entry 3.14. O

@ —) f(—¢*, —¢"*)

We offer now a second, completely different proof of Entry 3.13.
Second Proof of Entry 3.13. By (2.11), (2.8), (2.6), and some elementary product
manipulations, Entry 3.13 is easily seen to be equivalent to
(5.13.23)

F=a", =" F(=¢"%, =¢"T) — af (=¢°, —a"*) f (=4, —¢*°) = (=) (¢*, ¢"°).
We prove (5.13.23).

Employing Theorem 4.1 with the set of parameters a = ¢3, b=¢'°, c=¢q, d=
¢?, a=3,08=1 m=5, ¢ =0, and €5 = 1, we find that

f@*,a) f(=a,~¢%) = f(=a"*, ") f(¢®, ¢**) — af (—a°, —a*°) f (™. 4"°)
+° f(=¢", =) fa",6*°) = @ f(=a"*, =) [ (¢, ¢°°).

Upon the rearrangement of terms and the use of (4.28) and (4.29) with ¢ replaced
by ¢2, we deduce that

F(@® d®) f(—q) = F(=a", =) {f(d® ¢*) — i f(d* ¢*®)}
- qf(— O =*)f(d" d") — P f(dt )}
)

= f(=¢", =N H (") f(=¢°) — af (—=¢°, —¢**)G(¢") f(—¢*)
)
(5.13.2) = ﬁg_g; (=4 =) (=" ~T) = af (~a% ~a2) f (", )}

But by (2.17),

faf(=¢")
T = P(—q).

Using the last equality in (5.13.24), we complete the proof (5.13.23) and also that
of Entry 3.14. (]
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In Section 5.6, we promised that in the current section we would give a proof
that simultaneously yields Entries 3.6 and 3.13. We show that Entry 3.11 implies
both Entries 3.6 and 3.13.

Another Proof of Entries 3.6 and 3.13. In Entry 3.11, we employ (4.31) and (4.30)
with ¢ replaced by ¢> to find that

{_q3 X(qug H(—q18)+ X(QG) G<q72)}G(q8)

x(—¢'?) x(—¢*°)
_ x(¢"®) _ 18y _ 15 x(¢%) 72 8
q{x(—q”) (=¢°) —q X(_q%)H(q )}H(Q)
(5.13.25) = x(@®)x(—gt) XO)

x(=a*)x(=¢'?)’
Upon collecting terms, we deduce from (5.13.25) that

(5.13.26)
GG + ™)
- MG @) + PG = 2 o)

To equate even and odd parts on both sides of (5.13.26), we need the 2-dissection of
x(—q)x(¢°) which we obtain from Theorem 4.1. To that end, we employ Theorem
4.1 with the set of parameters a =1, b=¢°, c=¢q¢, d=¢%, 6, =0, e =1, a =
B =1, and m = 4 to find that

FLf(—a. ) = f(=* =) F(=¢", =) + f(—¢. —¢"" ) f(—=¢"®, —¢*")
(5.13.27) —qf(—¢*,—¢*) f(=d® —¢*°) — ¢ f( ¢, —a) (=4, —¢*).

We employ Theorem 4.1 again with the same set of parameters, except this time
we take € = 1, and €3 = 0, to find that

F(-1,=a")f(0,4%) = f(=¢*, ") f(=a**, —=¢*") = f(~a.—a") f(—=a"*, ")
(5.13.28) —af(=d",~d")f(~q ,—q30) +f(=¢*, —a") (=4’ —a®).
By (2.4), the product on the left side of (5.13.28) equals 0. Recalling the definitions
(2.8) and (2.9), and employing (2.3), (5 13.27), and (5.13.28), we conclude that

V@ (-0) = L) F(0.~®) = 5 (L) (0.~ + 1= (0.}
= f(—¢*,~q °)f(—q127— - qf(—q ,—qg)f(—qﬁrq?’o)
(5.13.29) = f(=¢*,—a"")f(=¢"*) — af (=¢") f(—d°, —¢™).

Next, we use (2.14), (2.17), and (5.7.6) twice with ¢ replaced by ¢* and ¢, respec-
tively, to find from (5.13.29) that

X(@")f(=a*)x(=a) f(=¢*)
= f(=a"x(=a*)x(@")f(=¢*") — af (=a" I (=a°)x(a"*) f(=4™),
which after several uses of (2.14) simplifies to

f(=¢"*)v(¢°) X
f(=a")f(=¢*¢)  “x(—¢

—~
|
[S]
(=}
~

(5.13.30) x(—=a)x(¢”) =

™
—
=
—
|
(=}
2
©
—
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Returning to (5.13.26), we substitute the value of x(—¢)x(¢°) from (5.13.30) and
equate the odd parts on both sides of the resulting equation. Hence, using (2.15),
we conclude that

12)

18 8 2 18 8 x(=¢") x(=¢") x(=4°)
G(—q¢°)H(¢") +¢"H(-q")G(¢") @) (=) X=X (-1
_ X(@®)x(=4%)
x(=¢%*)
which is Entry 3.13 with ¢ replaced by —q?. Similarly, equating the even parts in
(5.13.26) with the use of (5.13.30), using (2.14) and (2.17), and replacing ¢® by g,
we deduce Entry 3.6. (]

5.14. Proof of Entry 3.15

Let
(5.14.1) M(q) == G(¢*)G(q") + ¢ H(¢*)H(q")
and
(5.14.2) N(q) :== G(¢*")H(q) — ¢"G(q)H (q*").

Consider the system of equations

(5.14.3) X(( qqm)) =: R(q) = H(q")G(¢"*) — d"G(¢") H(¢"),
(5.14.4) x(=¢") _ S(q) = G(@*)G(¢*) + ¢"H(¢*) H(¢"),

x(—¢3)

arising from (5.14.2), Entry 3.8 with ¢ replaced by ¢, and Entry 3.10 with ¢
replaced by ¢3, respectively. It follows that

H(¢®) —¢°G(¢®) N(¢?)
H(¢") —¢'G(¢") R(q)|=0,
G(®) ¢°H(®) S(qg)
or, using (5.14.1), Entry 3.7, Entry 3.9, (5.14. 3) and (5.14.4), we find that
0=N(¢*) (°H(¢*)H(q") + ¢"G(¢*)G(q"))
— R(q) (¢"H(¢*)H () + ¢*G(q ) ( %))
+5(q) (—4"G(¢")H(¢*) + ¢*G(¢°)H(q"))

_ IN(@M(g) — XD X))

3 x(=q)
xX(=¢*') x(=q) x(=¢*) x(=q")
Solving the equation above for N(¢?)M (q), we find that, if

_ xX(=¢*)x(=4¢")
(5:14.5) Tle) = x(—a)x(=¢*')’
then
(5.14.6) N(®)M(g) = qT(q) + .
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Next, we derive a similar formula for M (¢*)N(q). Using (5.14.1), Entry 3.10,
and Entry 3.7 with g replaced by ¢, we find that

M(q®) = G(¢®)G(¢"") + ¢*H(¢®)H (¢""),

(5.14.7) i((‘_q? — Ri(g) = G(@)C(") + P H(@) H(™),
(5.14.8) ’;((_q;;)) = 81(q) = G(¢*)G(¢") + ¢ H(¢* ) H (q"),

which implies that
G(¢®) ¢"H(¢®) M(q?)
G(q)  ¢*H(q) Ri(q)|=0.
G(@®) ¢"H(¢*") Si(g)

Hence, by (5.14.2), Entry 3.9 with g replaced by ¢%, Entry 3.8, (5.14.7), and (5.14.8),
0=M(¢*) (¢"G(a)H(¢*") — ¢’ H(9)G(¢*"))
— Ri(q) (¢"G(¢®)H(¢*") — 4" H(¢°)G(4"))
+51(q) (¢°G(¢°)H(q) — ¢"H(¢°)G(q))
7 3 21
— _AMN() + AXEL) X)L ax(aT) x(=a)
CMCIN() +a (=) x(=?) " X)) (=)
Hence, solving the equation above for M (q?)N(q), we find that

1
5.14.9 M(*)N(q) = qT(q) + —,
( ) (¢°)N(q) = qT'(q) @
where T'(q) is defined by (5.14.5). Comparing (5.14.6) with (5.14.9), we find that
(5.14.10) N(¢*)M(q) = M(¢*)N(q).

Equation (5.14.10) easily implies that M(q) = N(g), which is what we wanted to
prove, i.e., (3.16). To see this, let

M(q) := Z anq" and N(q) == Z bng".
n=0 n=0

From the definitions (5.14.1) and (5.14.2), we see that ag = by. Then by an easy
inductive argument, we find that a, = b,, for every positive integer n. Hence,
M(q) = N(q), as we wanted to demonstrate.

As an immediate consequence of our main identity M (q) = N(q) and (5.14.9),
we derive the following curious corollary.
COROLLARY 5.1. If T(q) is defined by (5.14.5), then
1

M(q)M(¢*) = N(q)N(¢*) = qT(q) + T(q)

Next, we prove the second part of Entry 3.15, i.e., (3.17). Let J(q) denote the
right-hand side of (3.17), so that

(5.14.11)  J(¢*) = 271(1 {x@x(=®)x(a)x(=¢*") = x(=a)x(@*)x(—a")x(a®") } -
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Recall that M (g)and N(q) are defined by (5.14.1) and (5.14.2), respectively. Using
the previously established fact, M(q) = N(q), we see that it suffices to show that
M(q*)N(q®) = J*(¢*)-

Using (4.39) and (4.40) in (3.10) with ¢ replaced by ¢”, we obtain

{a ¢*) — ¢"b(¢")H (¢®®) }H

—qG(q {qa VH (q 42)+b 28}_ _))

Upon rearrangement and the use of (5.14.2) and (3.11) with ¢ replaced by ¢2, we
find that

7 2y 7 x(=¢") _ x(—9)
a(q¢")N(q”) — qblq") ) x(=g)’
from which, by (4.38), we conclude that
o L [ x(=ax(=¢®) | x(=¢")x(=¢"")
(5.14.12) M) = x*(q") {x(—q7)x(—q14) T CRN =) }
Similarly, employing Lemma 4.4 in (3.11), we find that
{alg)G(d®) — ablg)H (q")} G(a™)

+q° {qa(Q)H(qG) +b(q)G (g} H(g™) = X(*q7).

Upon rearrangement and the use of (5.14.1) and (3.10) with ¢ replaced by ¢2, we
obtain

from which, we similarly find that

9 1 _ 6 47 _ 2
(5.14.13) M) = 3 {ﬁ(_i)))z(((_;)) +qxx( Ox(=¢*) }

Next, recall that [5, p. 124, Entries 12 (v), (vi), (vii

1/24 —a)? 1/24
(5.14.14) x(q) = 26 (L}) and  y(—q) =2/ <(1 ) q) _

a(l — !

Let a, 3, v, and § be of degrees 1, 3, 7, and 21, respectively. In (5.14.13), we use
the representations (5.14.14) and (5.5.14) and conclude, after some algebra, that

M( 2) 2_1/3q1/3 { 1/4 5)1/8(1 )1/8
q) = -
{af?(1 - a)(1 - /(1 -}/
(5.14.15) + B8 1E(1 — o)t/
Similarly, from (5.14.12), we find that
9-1/341/3
N(g) = A - ) )

{ay6*(1 —a)(1 —~)(1 —6)*}
(5.14.16) + o858 (1 — )Y,
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Lastly, from (5.14.11), we conclude that

o 271/3q1/3 B 3 18
J(q) = _5)}1/24{{(1 B)(1—46)}

{afyo(1 —a)(1=B)(1—~)(1
(5.14.17) —{1—-a)1- }1/8}

Therefore, the equation M (¢?)N(¢?) = J?(¢?) is equivalent to the modular
equation

(5.14.18)
{{a=pa - —{a-aa-pe}
= {a 11— ) 31— ) 4 g1 — @) A - ) (1 - 98
+ al/S51/8(1 - )11}
— {21 - (1= (1 -1 - )} + (2?51 - 81 —7)*}°
+ {72801 - 8)1 - )*}'"* + {aByd(1 - a)*(1 - 72} %,

To prove (5.14.18), we invoke two modular equations, of degrees 3 and 7, respec-
tively. Namely, if 8 has degree 3 over «, then [5, p. 230, Entry 5 (i)]

(5.14.19) {a®(1 = IS = {B(1 - a)’}V/* = {B(1 = IS,
and, if v has degree 7 over a, then [5, p. 314, Entry 19 (i)]
(5.14.20) {(1=a)(1=}8 + {ay}/® =1.

Let

wi= ()%, vi= (8)'V5, @ = {B(1—a)’}/P,

yi={a®(1=B)}"% z:={6(1—7)*}"/%, and g:= {y*(1 - )}"/%.
Since v has degree 7 over « and ¢ has degree 7 over 3, by (5.14.20),

{(1-a) 1=} =1-u and {1-B)A -} =1-0v
Since 8 has degree 3 over o and § has degree 3 over ~, by (5.14.19),

y—r={p1-p}""  and  goz={50-0)".
By using the trivial identity
YT +yr =27 +yy — (v — y)(T — 9),
we conclude that
Yz + gz =v(l —u)® + w3 (1 —v) —v(l —v).
Returning to the equation (5.14.18), we see that the right-hand side of (5.14.18) is
u?(1 —u)(1 —v) +yZ + g + uv(l — u)?

=u?(1—u)(1 =) +v(l —u)®+ 31 —v) —v(l —v) +uv(l —u)?

which, after some algebra, simplifies to
(-2 = {(1-v)— (1 -w)},

which is exactly the far left side of (5.14.18). Hence, the proof of (3.17) is complete.
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5.15. Proof of Entry 3.16

We prove that both sides of (3.18) are independently equal to the right-hand
side of (3.19). For brevity of exposition, we make the following definition. Assuming
that S is a subset of the rational numbers and ) g a,q" is a generic g-series, we
define an operator £ actingon Y, - ¢ ang" by £ (3, c5 anq™) = 3,5 ang", where
S’ C S is the set of all integers in S.

We apply Lemma, 5.1 with ¢ replaced by ¢? and ¢'? to respectively deduce that

(5.15.1)
F=A =) = (=", =d%) — P £ (—a* —a®) — P F (=) F(—4"),
(5.15.2)
F=a") F(=q"/%) = (=g, —¢®) — ¢®/3 2 (=", —%2) — ¢35 F(—q") f(—¢).
Multiplying together (5.15.1) and (5.15.2), we obtain
(5.15.3)
FEAVF(=a"™) (=) F(=a°) = 2 (=a*, =) f* (=*°, —¢*)
+ (=% ") (=47, =) + F (=) f (=) F(=¢"*) F(=4*)
- q26/5f2(—q )2 (=" %) = " P (—at —a®) F(=a") F (=)
a2 (= =) P~ —a®) + ¢ TP (= ) (4" (=)
— PP (=", =) [ (=) F (=) + P 2 (=", =) f(=4*) f(=4").
We consider terms with integral powers of ¢ on both sides of (5.15.3) and observe
that

(s (s %) f(=q')f ( @) f(=q""))
= 24", —d°) f*(=¢*° q39)+q6f( =) (4", =)
(5.15.4) ) ) ).

We now derive an alternative expression for the left-hand side of (5.15.4) above.
To this end, we first employ (2.19) with a = —¢, b = —¢?, and n = 5 to deduce
that

(5.15.5)
(=) = f(=¢°°,—¢") = ¢f (=0, =¢®) + ¢ F(=¢*°, —¢"") = ¢ F(=¢*°, —¢°)
4 q22f(_q95’ _q720)
= f(=¢%, - 40) —qf (=" =) + ¢ f(=¢%, —¢"") + " F(=¢"°, =¢°)
- f(—¢*,—q>),

after two applications of (2.5). We then apply (5.15.5) above to obtain representa-
tions for f(—q?/%) and f(—¢'3/®) by replacing q by ¢*/° and ¢ by ¢*3/°, respectively.
This gives us

F(=¢*) = F(=a"", =¢"%) = (=4, =¢"") + ¢ F(=¢*°, —¢")
(5.15.6) +a"Pf (=0, —¢") — 0P F (=45, —¢*)



FORTY IDENTITIES 49

and

F(=q"/%) = (=g, —q") — ¢1/5 F(—g"30, —55) + g1 F(—q'%?, —¢29)
(5.15.7) PP F(—q182, 1) — P (P, — M),
Thus, multiplying (5.15.6) and (5.15.7), we see that

c (f(—q2/5)f(—q13/5)) = f(—¢", =" f(=¢"", —¢"™)

+ @ F(=4", =) F(=4%, =) + " F(=¢*, =) f (—¢*°, —¢')
+¢*' f(—q ,—q%) F(=¢" =" + ¢ F (=%, =) f(—¢°%, —¢'*®)
+ ¢ f(—q" *qm)f(*q%,*qwg)Jquf(* L =) f(—¢", ="
(5.15.8) = *f(—¢*, =" f(=4"*, —¢"*®) — " F(=0®, —**) f (—4"%, —¢"™?).

Since f(—q?)f(—q'3) contains only integral powers of g, it follows that
(5.15.9)

c(f<—q2>f<—q13>f<— 2/5>f<—q13/5>): (=) f(~d' ) (( ) f (=)
= f(=a*) (=" {f( 7", —¢") f(—=¢", - 104) CF(=q", =) f(=¢*, —¢")

+q15f(— L= f (- q , 169)Jrqu( =) f(=4", —4"%)

+ ¢ (=% =) F(—=¢%, ") + " (¢, —¢"%) (=%, —¢'%)

+¢*f(=¢" =) (=", =" = ¥ F (=4, —q 8)J”(—¢152,—<1143)

- ¢ f(—¢%, —q22)f(—q13, —-q"**)}.
Equating the right-hand sides of (5.15.4) and (5.15.9), we deduce that
(5.15.10)

F(=d", —qﬁ)f2(— 2, =) + ¢ (=% =) P (=4", —¢)

+ qgf( 7*)f(~q )f(—qlg)f(—q%)

= f(=) f (=" {f(—¢"* )f(—qgl,—qm"‘) +¢*f(=¢"°, =) F(—=¢%, —¢"®)
+q15f( ¢, =) (=0, ") + @ F(—a* =) f (=", —¢"*)
+ (=% —**) f(—q"%, —q 143)+q13f(— =) (=%, —¢'?)
+ (=", =) (=", =" — ¢ F(—=*, =) f(=°%, —¢**)

— (=% —*) f(—¢", —¢"*)}.
We seek to simplify the right-hand side of (5.15.10). Applying (4.13) with
azl,ﬁz%nnzl, and p = 15, we see that

7
q_l/SZF (1, 1237 1,15, é,k) F(- q14,—q16)f(—q91,—q104)

+af(—a,—a") (=", =" + P F (=", =) f (=%, — ")
+ 0 F(—a% =) F(=", =) + " F (=, —*) f (=%, —¢"®)
(5.15.11)  +¢" f(—q*, =) f(~ q%,—qwg) + 3 f(—=¢* =) f(—q"%, —'™).

We now observe that five out of the seven terms appearing on the right-hand side of
(5.15.11) also appear on the right-hand side of (5.15.10). This enables us to rewrite
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(5.15.10) as

(5.15.12)

[

= =) (= =) + (=, =) (=", =)
+q3f(—q2)f(—q1°)f( a"*) f(—¢%)
=f(—q2)f(—q13){q*1/8ZF L2115, 5, k) — qf (4", —¢"*) f (=4, —"'7)
=1
_ ql(]f(_qﬁ _ q24)f(_q39, _ 156) +C]13f(—q14, _qlﬁ)f(_q267_q169)
+q2f(—q4,—q%')f(—q(“’1 a") — ¢ f(—a* —**) f(—¢°%, —q"*?)
19f( 22)f( q13’_q182)}.

We next apply (4.13) again with a = 1, 8 = 13/2, m = 11, and p = 15. This
yields

(5.15.13)
7
q71/8 ZF 9 237 11 157 1273 k) - q2f(7q263 7q4)f(7q1047 7‘191)

+ qlgf(_q48’ _q—18)f(_q117’ _q78) + q53f(_q70’ _q—40)f(_q130’ _q65)
+ " (=, =) F(—¢"%, =) + ¢ P (=g =) f(—4"C, —¢*)
(—

T (g1, —q108) F(— g9 _26) 4 350 F(—g1%8, _q128) F(— 182, —¢13).

After several applications of (2.5), we rewrite (5.15.13) as

7
q—1/8ZF 1, 123’ 11,15, 1277]{/,) _ qu(—q4, —q%)f(—qgl,—qw‘l)

- qf(: ) =g, =T 4+ ¢ F(—®, =) (g, g1
_q f( 28) ( 143) 10f( 24) ( 156)
(G510 0™ F(q™ ) F g, —a%%) — (g ) F(a®, ).

We now note from (2.9) that ¢* f(—¢"°, —¢°°) f(=¢°°, =¢"*°) = ¢* f(—¢"°) f(—¢%),
and upon comparing the right-hand side of (5.15.14) with that of (5.15.12), we
rewrite (5.15.12) as
(5.15.15)
F(=d" =) (=", =*) + ¢° F(=¢*, =) 2 (=4", —¢™)
+ @ f(=a) f(=a") f(=a"*) f(—=¢*)
7 7
= f(—qQ)f(—qB){q‘l/SZF 1L,4,1,15,5,k) + ¢8> F(1L, 211,15, 4 k)
k=1 =

— ¢ f(=q") f(~") .
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or equivalently upon applying the Jacobi triple product identity (2.6) to f(—q*, —¢°),
F(=q%,—¢*), f(—q¢?, —q®), and f(—q'3, —¢°?), we deduce that

(5.15.16)
(F(=a", ="V (=", —*) + P F(—=*, —a®) f (=", —¢°%))?

7 7
f(qu)f(fql?’){q’”SZF L2115, 4, k) +¢7 /8 P, 22, 11,15, 4 k)}

y 9

We now turn our attention to the two sums appearing on the right-hand side
of (5.15.16). From (4.13), we see that

(5.15.17)
7 -1/8 e 2
q—l/SZF 1, 123717157 L k)= q 5 Z Z (_th%{m-%ﬁt} +13¢2
Uu=—0o0 t=—00
71/8 > 41 2 132 q71/8 e L  1y? > 2
u;mt;m 2} o - 2 u—zoqu{ +2} t;oo(il)tqlgt

_ 13y (0% %) oo 13. 2602 (.26, 26\ _ (¢%¢%)2. (4" ¢")2,
_ PP (=)
f(=a) f(=¢*%) ~

where we have utilized (2.7)—(2.9). Similarly, from (4.13), we find that

(5.15.18)
7 71/8 o0 2 13

qil/SZF L, 123711 15, 127,k Z Z “+ +17 } i

U=—00 t=—00

—1/8 oo

SO (cayg Tl e

U=—00 t=—00

Z Z t 2+ 243 t+5tu+—u(u+1)

u=—00 t=—00

Uu=—00 t=—00

where in the last equality we replaced ¢ by ¢t — 1.
We now claim that

(5.15.19) % i i (_1)t 5 2t+5tu+127u2+7u:f(_q)f(_q26).

Uu=—00 t=—00

To this end, we dissect the series according as u = 0,1, —1 (mod 3) respectively. We
consider each of the three sums separately. If we replace v by 3u and ¢ by —t — 5u,
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we find that
%) %)
Z Z (_th% ~Lepstur Hur g Tu
U=—00 t=—o0
u:O(mod?))
Z Z t+u —f2+%t+39u2+13u
U=—00 t=—00
& 2 e 3,2, 1
(5.15.20) = Z (_1)uq39u +13u Z (_1)tq2t +5t _ f(—q26)f(—q),
U=—00 t=—o00

by (2.9). Next, if we replace v by 3u+1 and ¢t by —¢ — 5u in the series in (5.15.19),
we find that

) [e%S)
3,2 1 17 2. 7
§ : 2 : (_1)tq2t 72t+5tu+ 5 U +2u

U=—00 t=—o0
u=1 (mod 3)
o0
Z Z t+u 12+ 342_ 2t+39u2+39u
u=—0o0 t=—00
= 2 i 3.2 9
(5,15.21) _ Z (_1)uq39u +39u Z (_1)tq12+§t -5t _ 0,
U=—00 t=—o00

by (2.4). Finally, if we replace u by 3u — 1 and ¢ by —t — 5u + 2 in the series in
(5.15.19), we see that

Z Z -5 L Btut 127 u2+ u

U=—00 t=—o0
u=—1 (mod 3)

§ : E : t+u —t2 —t+39u2—13u

u=—00 t=—00

o0 o0 3

(5.15.22) _ Z (_1)uq39u2_13u Z (_1)f,q§t2—%t:f(_q%)f(_q)’

U=—00 t=—o0

by (2.9). Thus, in (5.15.20)—(5.15.22), we have shown that

(5.15. 23)
3 20 X (VA g () + S0 (o)
= f( )f( 26)7

as claimed in (5.15.19). Thus, from (5.15.18) and (5.15.23), we deduce that

7
(5.15.24) ¢ VY R, 211,15, k) = —qf (—q) f(—*°).
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Finally, we insert (5.15.17) and (5.15.24) into (5.15.16) to arrive at
(f(=q", =) [ (=*°, =*) + @ F(=*, —a®) (—4"%, —¢°%))?
o2\ 13 =) (=4") _ _ _ 26
(615.25) = )T A}

Dividing both sides of (5.15.25) by f%(—q?)f%(—q'?) and taking square roots, we
obtain

f(=¢*, ") f(=¢*°, —¢*") +q3f(—q2,—qS)f(—q”,—q”)
f(=a®) f(=4'3) f(=a®) f(=¢*3)
_ \/f(cﬂ)f(q”’) RICOYC)
F=a)f(=a2%) " f(=¢*) f(=4")
_x(=¢")  x(=9)
(5:15.26) \/X(—q) =)

by (2.14). Using (2.11), we see that we have shown that the left side in (3.18) is
equal to (3.19).

We now turn to the right-hand side of (3.18) and show that it equals the
expression in (3.19). Our argument is brief, since the proof is similar to the previous
proof above. We apply Lemma 5.1, and then apply it a second time with g replaced
by ¢?6. Then multiply the two resulting equalities together to obtain

(5.15.27)
F=) f(—=¢*) f(—q 1/5>f<— 26/5) = 2= ) (=4, -q"®)
q

— (=4, =g P (=0 =a™) = ¢ P [ () [(=4") P (=4, —4™)

_q52/5f ( q 7_q3)f'2( 26 104)+q54/5f ( q4>f2(_ 267 q104)

P ) )P 0™ — P ) -0
(=

)
+q* f2 (=g, —q4)f(—q26)f(—q13°) +* f(=q)f ( @) f
Recalling the definition of £ at the beginning of this section, we have
(5.15.28)
£ () f (=) F(=a"") [ (=) = = (=0, =) (=", ")
=" (~% =) P (=a*°, —a") + F () (=) f(=a*) F(=a).

We then apply (5.15.5) to obtain representations for f(—¢'/®) and f(—q?%/%) by
replacing ¢ by ¢'/5 and ¢ by ¢?%/5, respectively. This gives us

F=a"?) = f(=q",=®) = " °F(—q"°, = ") + af (—¢"*, —¢°)
(5.15.29) +4"f(=¢", =) — P F(—q*, —4")
and
F=?/5) = F(—q"2, —q2%%) — ¢26/5 F(—q?%0, ') 4 20 f(—¢®%, —¢*?)
(5.15.30) 85 (g 26 — P25 (=gl 5.



54 BERNDT, CHOI, CHOI, HAHN, YEAP, YEE, YESILYURT, YI

Thus, since f(—q)f(—q?°®) contains only terms with integral powers, we find upon
using (5.15.29) and (5.15.30) that

(5.15.31)
c(q*2/5f<—q>f<—q ) F(=a'/%) f(=*))
Fa)f (=)L (a2 F(=a"%) f(=*))
FEQf PO = (=" =" (=", —*%) + T f(—*, =) F (= *°, —¢*)
+q36f( 0 =) (=% =) + ¢ F(=°, —4") f (=", —¢**)
— ¢ f(=q", =) F (=", =) — " (=, =" F (=" =)
+af(—q, —q14) (—¢"%, =) + " f(—¢, =" f (=47, —=**®)
— ¢ f(—¢*, =" (=4, —**)}.

Now from (4.13) and several applications of (2.5), we see that

*5/SZF 5.13,7,15,5,k) = f(=¢*, —¢"") f(—=4"**, —=¢**)

—q f(—q =" f(=q"0, =) — @ F(—d°, —a") F (=", —¢*%)
+q" (=% ") f (=", =a®%) + ¢ T f(—¢°, =) (=", —¢*"?)
(5.15.32)  —¢* " f(—q, ") (=%, —¢**®) — ¢* f(—q", —®) F(—¢**, —¢***)

and

*WZF (3,13,13,15, 2, k) = qf(—q, —¢"") f(=¢"**, —¢**)

—q f(—q (=" =P + (=, =) (=", —¢*)
— qlof(* —®) F(=a"*, =) + ¢ f (=", —a®) F(—q"®, —¢*'?)
(5.15.33)  —¢* f(—q", —a") (=", —¢**®) + T F(—¢*, ") F (=%, —¢*%).

Comparing the right-hand sides of (5.15.31), (5.15.32), and (5.15.33), we see that
L (q‘2/5f(—q)f(—q26)f(—q1/5)f(—q26/5))
= [~ f(~* {fq*"/SZF (3.13.7,15, 3. k)

(5.15.34) ta 5/SZF (5:13.13.15. §.0) = *F (~0")f (4"}

Now, combining the right-hand sides of (5.15.28) and (5.15.34), applying the Ja-
cobi triple product identity (2.6) to f(—q,—q*), f(—q¢°*,—q¢"®), f(—q¢*, —¢*), and
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f(—q%*®, —q'*%), and simplifying, we deduce that
2
(f(=a,=a"Vf(=a*,=a"®) = @ F(=¢*, =) f (=%, —¢"*Y))
7
= —f=f =) =Y F(18,7,15, 3. 0)
k=1

—5/8 1 13
(5.15.35) +q7% ZF 113,13, 15, 2,k)}

We now concentrate on the two sums arising on the right-hand side of (5.15.35)
above. From (4.13), we have

(5.15.36)
—5/8 0o

‘5/8ZF (1,13,13,15, L3 k) = Z Z {vts “} +t2

Uu=—00 t=—00

Z Z u+ +t2 q Z un(uH Z(_l)tqt2

Uu=—00 t=—00 U=—00 t=—o00

(¢*%;q (¢*%¢°°)% (6 9)2%
= q¥(q")p(—q) = q—( sy (4:0°)2% (0% ¢*) oo =T 19) (g )
(=) f*(—q)

=™ f(—¢?)

where we have used (2.7)—(2.9). Similarly, from (4.13), we find that

(5.15.37)
—5/8 oo

_5/8ZF 1,13,7,15,3,k) = > Z )q {wrgefe) ¥

U=—00t=—00

—5/8 )

ZZ )q u++t}+

Uu=—00 t=—o00

§ : § : t 3t +t+2tu+2u(u+1)

u=—00 t=—00

As in the previous proof, we dissect the series above according as u = 0, 1, —1 (mod 3).
Assuming that u = 0 (mod 3), we replace u by 3u and ¢ by —t — u to find that

(5.15.38)
i i ( 1)tq3t +t+2tu+2u (ut1) _ Z Z t+u 3t 7t+39u2+ 5 u
w0 mod3) et

= 3 (1)eg e i (—1)'q"C D = f(—¢") f(—g?),

U=—00 t=—o0
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by (2.9). Next, if we replace u by 3u+ 1 and ¢t by ¢ — u in the series in (5.15.19),
we find that

Z Z t 3t +t+2tu+2u(u+1)

U=—00

u=1 (mod 3)

39 o

Z Z t+u 3t2+3t+ 5 u +32 2 u+5

u=—00 t=—00

> 39 5, 39 s
(5.15.39) = Z (—1)%q2 w5 ut5 Z (—1)tg*+3t — 0,

U=—00 t=—00

by (2.4). Finally, if we replace u by 3u — 1 and ¢ by ¢ — u, we obtain

§ : § : t 3t +t+2tu+2u(u+1)

u=—00
u=—1 (mod 3)

Z Z t-l—u 3t2—t+ —7u

Uu=—00 t=—00

(5.15.40) = f(=¢"*)f(=¢%),
by (2.9). Thus, from (5.15.37)—(5.15.40), we have shown that

7
g */® F(3,13,7,15,5,k) =

DX

(f(=a") (=) + f(=¢"*) F(=d?))

l\:>|>—A

(5.15.41) = f(=4")f(~¢*).
Finally, we insert (5.15.36) and (5.15.41) into (5.15.35) and conclude that
(f(~0.~a")F(~0*% ") = P F(~¢*. —*) f(=*°, —¢'*))”
f2 __ 26 f2 _
1542 = ~f0f-*) {~fa*) )+ LI,
Dividing both sides of (5.15.42) by f2(—q)f?(—¢*®) and taking square roots, we
arrive at

F(=¢, =g [ (=¢°%, =) — ¢ f(—a*, —¢®) (= ¢*¢, —¢*™)
f(=q)f(—4¢*°)
_ W(—qw(—ql% [0 (=)

FEQf =)~ =) (=)
x(=¢'%) x(=q)
51543 = —q ’
( ) \/ x(=a)  “x(=¢")
which completes the proof of the second part of Entry 3.16.

5.16. Proof of Entry 3.17

Using the product representations of x(¢) and f(—gq), given in (2.9) and (2.10),
respectively, together with (2.7) and (2.8), we find that

(5.16.1) o(q) = f(0:9) = (—:6°)2 (% ¥ o = X* (@) f (=7
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and

_ 5 (@) (@G 1 f(—q)
(5.16.2) ) =flaa) = (%) (6P (G X2(—q)

By (2.11), (5.16.2), and (5.16.1) with ¢ replaced by ¢'/? and —q'/2, respectively,
we find that Entry 3.17 is equivalent to the identity

(5.16.3)
f= =) (=%, =) + ¢ fF(—¢. =) F (=", —¢")
e oy [P (=P (=¢?) ¢
—f( Q)f( q ){ 4\/5 4\/5 Xz(_q)xz(_qlg)}

= 17 (P e ) - Pl vla”).

We now apply Theorem 4.1 with the parameters e; = €2 =0, a=b=¢q, c=
d=¢", a=1, =19, and m = 20. Accordingly, we deduce that

(5.16.4)

o(q)e(q") = f(q2°, ) F(@®0, ) + ¢ F(a %, %) F(**2, ¢*®)
4 q76f( 96)f(q3047q456) + q171f( —94 134) q266 q494)
+ q304f(q 172) (q228’q532) 4 q47of( 7170’(1 IO)f(q190 570)
4 q684f< —208 248)f<q1527q608) 4 q931f( 246 286)f(q1 646)
+ q1216f q 284 324 f( 767(]684) + q1539f( 7q362)f(q ,q722)

Eq—360 400;](‘(1, q760) T q2299f( —398, q438)f(q_387q798)
( —436 476)f(q 7(]836) + q3211f( 74747q514)f(q7114,q874)
< q3724f(q—512 552)f(q_152; q912) 4 q4275f( —550’ q590)f(q—1907 q950)
4864f(q7588 628)f(q7228’ q988) + q5491f( 7626’ qGGG)f(q7266’ q1026)
T q6156f(q 4 704)f q 4 1064) 4 q6859f( 027 q742)f(q_3427q1102)
= f(d*, ¢ )f(q380,q380) + 2qf( La*) f(@**,¢*)
+24" ("% N F (>, ¢"°) + 24 f(qM, ) f (%, ¢*)
4 2(]16f'(q127 ng)f(q228; q532) 4 2q25f(q107q30)f(q1907 q570)
4 2q36f(q8, qu)f(q1527q608) 4 2q49f(q6, C]34)f(q114,q646)
+2¢% (¢, ) (", N + 2% (. 6**) F (0™, 07%) + ¢"° F (1, ¢*0) £ (1,47,

after several applications of (2.5). Upon replacing ¢ by —q in (5.16.4), we conclude
that

(5.16.5)

4—1q (e(@)e(@™) — e(—a)e(—4™))

= f(@"®, ) F(@**2, ") + P F(d". ) £, ) + ¢ £(a"°, ¢*0) f(¢*°, ¢°7°)

+ ¢ f(@®, N (@™, a0 + ¢ f (P, %) f(¢, 4.

Next, we employ (4.14) with the two sets of parameters a; = 1, 81 =19, my =
1, ppr=2, A1 =10and as =1, B3 =19, my =9, ps = 10, As = 10. We find that
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the conditions in (4.9) are satisfied. Hence, using (4.18) and (4.14), we find that

PP(=a)o(=4") = ¢** (¢ q)f( ¢, —¢'™)
+q45/2f(—q T ) (g, —¢133) +q125/2f( ) f(—q?, — %)
+q245/2f(7q73,7q7"3)f( 7) +q400/2f( q771)f(7q361’7q19).
After several applications of (2.5)7 we obtain the identity

U(—Q)(—¢") = f(—q, —f119)f(—q171 %) —q f( ') f(—¢", —¢**7)
+q10f(—q )f( ) 21f( 13)f( q577_q323)
(5.16.6) +¢*f(—¢°, —¢"") f(—q 361)

By using (5.16.5) with ¢ replaced by ql/2 and (5.16.6) with ¢ replaced by —gq, we
conclude that

4%@ <¢(q1/2)¢(q19/2) _ <p(—q1/2)<p(—q19/2)) — () (g™

= (&, ")V @™ )+ (T d) (@ ) + (P a0 )
+q"f(q, qlg)f(q197 q?’ﬁl) - f, ") (@™ ) = (P d' ) (@, )
-1, d") (7, %) - 38f(q9 """, ¢*)

= (f(@®d") = fla,q ) ) (F(@'™,¢®) = ¢* f(¢", ¢*"))
+q* (f(q ) —qf(q 0') (£(@"%%, ) = ¢ ("7, ¢**?))

= (= ) (=, =" + ¢ f(—q, =" F (=", =¢"),

where in the last step we used (5.22.4) and (5.22.5) with ¢ replaced by —¢ and

—q'?, respectively. This completes the proof of Entry 3.17.

5.17. Proof of Entry 3.18

The following proof of Entry 3.18 is due to Bressoud [14].
By (2.11), (2.7), (2.8), and (2.14), it is easy to see that (3.21) is equivalent to
the identity

fl=a,—g") f(—=q%,—¢") — ¢* f(—=* —*) f (—¢*', —¢"**)

©2) 2—1q<p( Do(—a™) + Po(—a)b(—a*).

By (4.16), and (4.13), with the set of parameters, « =1/2, = 31/2, m = 3, p =5,
and A\ = 4, we find that

(5.17.1)

2
1 1
_ 131 _ t1_.
(5.17.2) =D F(3. 5354k =5 > (- =R
where, by (4.7), I is given by

1 3t)° 31
(5.17.3) I= 4{u+ =+ 3} + 3—6152 =(2u+1)2+ ;(m + 1)t + th.
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Therefore, by (5.17.1)—(5.17.3), it suffices to prove that

R— i (71)tq(2u+1)2+%(2u+1)t+%t2

u, t=—o00
(5.174) = o(=a*)p(=4") — e(=)p(=¢"") + 20" () (—¢*").
We establish (5.17.4) by a series of changes of the indices of summation. To that
end

0o 3 5
R = Z (_1)tq(2u+1)2+§(2u+1)t+§t2

u,t=—o00

"2

1
j=0 u,r=—00

s 3 5
Z (_1)2r+jq(2u+1>2+§<2u+1)(2r+j)+§(2T+j)2

[eS) )
— § q4u2+107‘2+6ru+4u+3r+1 _ E q4u2+10r2+6ru+7u+13r+5
U, T=—00 U, T=—00
&S]

_ Z q4(sfr)2+107‘2+6r(sfr)+4(sfr)+3r+1

s, r=—00

oo

. Z q4(s—r—1)2+10r2+6r(s—7"—1)+7(s—r—1)+13r+5

S, r=—00

S 0o
2_ 2 2 2
_ § q(25+1) (2s4+1)r+8r= _ § q4s s(2r+1)+2(2r+1)

S, r=—00 S, r=—00

&S] )

2 2 2 2
(5175) _ § qs —sr+8r° § q4s —sr+2r )
§, T=—00 8§, T=—00

sodd rodd

But, trivially,
oS )
2 2 2 2
(5176) E q4s —sr+42r° § qs —sr+8r _ 0
S, r=—00 S§, T=—00
T even s even

Therefore, returning to (5.17.5), we find that

o0 o0
R= Z qsz—sr+8r2 _ Z q432—sr+2r2

8, r=—00 8, r=—00
sodd rodd
> 42— o2 > 2 _ g2
+ Z q s¥—sr+2r° Z qb sr+48r
s, T=—00 s, r=—00
T even seven
s3] oo
2 2 2 2
(5.17.7) = S (gt ST (1t =Ry — Ry

s, r=—00 s, r=—00
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Next, we evaluate Ry and Ry separately. First,

o0

2 . 2
I = Z (—1)rghs’—srt2r’ Z Z )7 g AUt () r+2r
5 T=Te0 J=0 t,r=—o00
:Z Z (—1)r b4t +32t5+45" —dri—jri2r®
S35 gty

3 S e

(5.17.8) = { Z (—1)tq62(t+i)2 Z (_1)sq2(s+i)2}.
j=0 \t=—o00 s——o0
Observe that
3 e oy WETE S . =1, (s-3)
Z(_l)q 4=Z(—1)q 4:2(_1) g1
s=—00 =0 S
(5179) [ Z (_1)75q(—s—z)2 _ Z (—l)sq(s""z)z.

Thus, in (5.17.8), the contributions from the terms when j = 1 and j = 3 are the
same. By (2.4), the contribution from the term j = 2 is 0. Therefore, by (2.1),
(2.7) and (2.8), we conclude that

(5.17.10)

oo o0 [e.9]

R, = Z (_1)tq62t2 Z ( 1 €q25 +2q4 Z t 62t +31t Z (_1)sq2$2+s

t=—o0 S=—00 t=—o0 S=—00
= o(—*)e(—q°%) + 24" f(—a, —®) f(—¢*", = ")
= o(=¢*)p(=4°%) + 20"V (=) (—¢*").
Similarly,

oo

Ry = Z (—1)sq* —srtsr” Z Z )eq® e +8(20+)?

5, r=—00 =0 s,t=—00

s 2 —sj—2st+32t2432t5j4852
(1) s

I
MH
WK

1 00 . .
LY 5 ety

t—rq31(t+%)2+(7“+%)2

I
M2
L
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{ Z (_1)tq31(t+%)2 Z (_1)rq(r+%)2}

|
KM“

=0 t=—0o0 r=—00
(17.11) = 3 (=1 Y (-0 = p(—a)p(—g"),
t=—o0 r=—00

where we used (2.4) again. By (5.17.7), (5.17.10), and (5.17.11), we conclude that
R =o(=¢*)p(—4*) + 20" (~)(—a*) — p(~a)p(—4*"),
which is (5.17.4). Hence, the proof of Entry 3.18 is complete.

5.18. Proof of Entry 3.19

In the proof below, we actually provide two variations. Like Bressoud [14], we
begin with an application of Rogers’s ideas, but then the proofs diverge.
Proof. By (2.11), the first part of Entry 3.19 can be put in the form

F(=% =) f(=4" =¢"") + ¢ f(=¢, ") F (=™, —4")

(5.18.1) = f(=¢*°, =) f(=¢*, =¢"%) = ¢’ f(=4®, =¢°) f(—=d"*, =¢*®).
We apply Rogers’s method first with a; = %, b1 = %, p1 =5, my =1, and A\; =4,
and secondly with as = %, B2 = %, p2 = 5, mg = 3, and Ay = 4. Then both sets
of parameters satisfy (4.9). By (4.15) and (4.16), respectively, we find that
(5.18.2)

2
S OF (5, %,1,5,4,k) = qf (= —*) f(=a", 4" ) +¢° f (a4, —¢") f (=™, —¢")
k=1

and
(5.18.3)

2
D OF(3,4.3,5,4,k) = af(=¢*,—4") f(=¢*°, —4*)—* F(—=°, —a") F (=4, —¢**).
k=1

Combining (5.18.2) and (5.18.3) together, we deduce (5.18.1) to complete the proof.
Next, we prove (3.23). Let us define, by (2.11),
(5.18.4)

9(q) = f(=q)G(q) = f(=¢*,—¢%)  and  h(q) := f(—q)H(q) = f(—q,—¢").
Therefore, by (5.18.1), we can define N(q) by
(5.18.5)  N(q) := g(a)9(¢*) + *h(@)h(q*) = g(¢"*)h(¢®) — ¢’ 9(a®)h(q"?).

Let us also define

(5.18.6) M(q) = g(a*)9(¢"*) + ¢’ h(g*)h(g*?),
(5.18.7) L(q) == 9(¢**)h(q) — ¢°g(a)h(¢*")
LEMMA 5.7.
0(0) =~ {=Pe(-a)h(a’) + o= Do)}
(5.18.8) h(q) = % {e(=0)9(¢”) + gp(=¢*)x(=¢*)n(¢") } .
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Proof. To prove (5.18.8) we employ (2.19) with a = —¢?, b= —¢?, and n = 3, we
find that

[ =) = F(=¢*", =) = *F(=¢*, =) + & f(=¢*", —¢7°)
(5.18.9) = f(=¢*",=¢*) = ?F(=¢", —¢*°) = ¢’ F(=4°, —¢¥),
where in the last step (2.5) is used. Similarly, with the choice of parameters a =
—q, b= —¢*, and n = 3 one obtains

(5.18.10)  f(=q,—q") = f(=a"*, =¢*") —af(=¢"*, —¢*) = ¢" F(=’, —¢").
Therefore, in the notation of (5.18.4), we obtain
(5.18.11) 9(q) = A(¢®) — ¢°h(¢°) and h(q) = g(¢") — ¢B(4®),
where
(5.18.12)

Ag) = f(=d",=¢%) —af(=4*,—4¢"*) and B(q) = f(—¢", —¢"") +af(~¢, —¢"").

Next, we use Entries 3.6-3.8. By (2.14), we can rewrite them in their equivalent

forms

(5.18.13) 9(0)9(a°) + *h(@)h(q”) = f*(—¢°),
(5.18.14) 9(a*)9(a%) + qh(®)h(q*) = P (q)p(—¢?),
and

(5.18.15) hq)g(q®) — ag(@)h(q®) = ¥ (q*)e(—q).

Starting from (5.18.13), we have, by (5.18.11),
FA(=a%) = 9(@)9(¢”) + ¢*h(@)h(a”)

= (A(¢®) — ¢*h ( )) 9(q
(5.18.16) = A(¢®)g9(¢”) — *B(q

*)h
Slrmlarly, starting from (5.18.15) and using
by ¢, we deduce that

¢(q3)s0(—q)
= h(a)9(a°) — ag(a)h(¢®)
= 9(¢")9(¢") + ’h(g®)h(a®) — q (Ala®)n(a®) + B(q’)g(4°))
(5.18.17) = 9(¢*)p(—4") — ¢ (A(¢*)h(d®) + B(a*)g(d®)) -

Solving for A(g) from the last two equations, we find that

(9(a®)9(a”) + a’n(a®)h(a”)) Alg?)
= f2(=4*)9(d®) + ¢*¥(@®) (¢(=4°) — p(~q)) h(d").
Using (5.18.14) again with ¢ replaced by ¢3, we conclude that
fZ(*qg) 6 2 o\ 9
e 9(¢°) + ¢* (p(=¢°) — v(=q)) h(q").
Substituting this value of A(q) in (5.18.11) yields the first identity of (5.18.8) after
observing that
2 (=¢*)

eI o(—=¢*)x(—4%).

?)+a* (9(a”) — aB(a%)) h(d?)
(g )
(5.18.11) and (5.18.14) with ¢ replaced

(5.18.18) o(—q")A(¢*) =




FORTY IDENTITIES 63

Similarly one solves for B(q) and obtains the analogous identity for h(q). O
Using (5.18.8) in the first equation of (5.18.5), we find that

N = S {~d*e(=)h(d®) + o(=a*)x(=4*)9(a") } 9(¢™)
+ (q8 ){w( 0)9(a°) + ap(=a*)x(—a*)h(¢®) } h(¢*)
=—q ;(( 9 {9(a®)h(a”) — d®9(a" (™)}
+—¢<: {9(6°)9(a®) + °hla" (™)}
(5.18.19) =_ 2:’((;3)N( 3) —‘p(_jj)’;g;qs)M(q?’).

Employing (5.18.8) again, this time with ¢ replaced by ¢'? in the second equation
of (5.18.5), we find that

1

N(q) = g {=a*o(—=¢")h(q"") + o(=¢**)x(—¢**)g(¢"®) } h(¢*)
- Lol + =N =) ol
_ 2 p(=4") 3 117 247 (3 117
¢ T {9(@®)g(d"'") + @*h(g*)h(¢"7)}
39
+%{h ) —a**g(¢*)h(q™)}
13 39 39
(5.18.20) = —¢* ;0((_(]117))N(q3) el 5(_);<17)q ) L(g%).

From (3.18), (2.11), and (2.14), we deduce that

Lig) _ f(=f(=¢*) _ x(=q)
M(q)  f(=a)f(=¢")  x(=¢")
Thus, by (5.18.19)—(5.18.21), we conclude that

(5.18.22)

(5.18.21)

—q" —q p(=a*)x(=¢*)  e(=a*)x(~¢*
’ {;P((_qln)) - ;0((_q9)) } N(q3) = { ( @(—3]11(7) ) o ( (p(zqg) )}M(qg)
By (5.28.23), with g replaced by ¢'* and g, respectively, we find that
so(*qg)w( ¢"*) = p(=@)p(—¢"")
{(p g7 2q13f(—q39,—q195)}
- {w - 2qf( ')} p(=4'"")
(5.18.23) =2¢{f(=¢",~"*)p(~ qm) — 4= f(=a*, ")}

Using (5.18.23) in (5.18.22) and replacing by ¢® by ¢, we arrive at
2q{f —4,—q )<P( ¢*) = a'o(=a*) f(=4"*,—4*) } N(q)
(5.18.24) 0) {p(=a*)p(=a") — o(=a)p(~¢*°) } M(q)
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Comparing (5.18.24) to (3.23), we see that it suffices to prove that
M(0) = o {0 ~0")e(—0") = atol=a)f (0" =)}
(5.18.25) = (@ )e(—a”) — ¢* f(a,8*) f(—a", —¢™),
where in the last step we used (5.7.6) and (5.7.8). To verify (5.18.25), we employ

Theorem 4.1 with the parameters a =b=¢%, c=1,d=¢>, e1=1,6 =0, a =
2, 6=1, and m =15, to find that

(5.18.26)
(1, ¢%)e(— 39)—2f( q*? )f(—q273,—q312)
+2¢° f(—¢*, ") (= =) + 2 F (4%, =) f (=", —¢**)
6

+2¢" f(—¢*, q6 V(= q156, @)+ 26 f(—¢"%, —4") (=", —¢*%%)
+2¢Y f(—q", =" F(—=4", —¢"°T) + 2% f(—¢°, —q84)f(—q39, —*%).
Employing Theorem 4.1 again, this time with the parameters a = ¢'3, b = ¢%°, c=
¢, d=¢* e1=1,6=0,a=13 =1, and m =15, we find that
(5.18.27)
f(=a",=a®) f(a,¢°) = F(=, =) f(—=¢"%, —¢™)
+af (=, =N (= =) + P F(=a" P, =) F (=%, —¢*)

(_q156’ _q429)f(_q36’ _ 54) 4 q22f(_ 117 —C]468)f(—q42, _q48)
+ 7 f(—=q", =) f(—q 48) + ¢ f(—=¢*, =" f(—=¢*°, =)
— ¢ f(—¢*, =) f(—=**, —¢"°) — ¥ f(—q 507)f( 7'®,—q")
— ¢ f (=", q468)f(—q q"%) = ¢ f(=4"°, =) f(=¢°, =4
+ 4" f(=¢**, =) f(— 6,—(184) + P f(=¢" ,—q312)f(—q12,—q78)-
Now by (2.3), (5.18.26), and (5.18.27), we conclude that
(5.18.28)
(@) e(—¢"") — ¢* f(q, q2)f(—q13, —¢%)
= {f(=¢*,—¢**) — " f(—¢"® ) ¢f(- (=, —¢*"?)
— S (=g T, — g1 — 39f( 507)}
+ @ {f (=%, =) — P (= —*°) — P f (- (= =)
—gB (=1 — 1) — P2 (—g®, — P10
But, from (2.19) with n = 3, we know that
(5.18.29)
9(@) = F(=*,—¢*) = F(=*", —*) = @ F(—¢°, —¢*°) = @ fF(=¢°, —*),
(5.18.30)

hq) = f(=¢,—¢") = f(=a"%, =¢*") — af(=¢"%, —¢**) = ¢" f(=®, —=¢™),
where we used (2.5). Replacing ¢ by ¢? and ¢'? in each of (5.18.29) and (5.18.30),
we see that (5.18.25) holds, since the right-hand side of (5.18.28) is exactly

9(a*)9(a"®) + ¢’h(a®)h(q") = M (q).
Hence, the proof of Entry 3.19 is complete. (]
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Next, we sketch a different prove for Entry 3.19 which, by (5.18.21), is equiva-
lent to showing that

L@ _ x(=9)
5.18.31 = .
(1831 Mg ~ X(-a)
Therefore, by (5.18.25), one needs to prove that

Lig) = X’g(_‘qﬁl) (@) o(—0%) — ¢ F (0. ) F(—"®, —¢®))
(5.18.32) = f(~q,—") f ("%, ¢°%) — ¢*o(—*)v(¢*),

where in the last step we used (5.7.6) and (5.7.8). The equality (5.18.32) is proved
in the same way that we proved (5.18.25), and so we omit the details.

5.19. Proofs of Entry 3.20
Proof. Using (4.23) and (4.24) in (3.3), we arrive at

x*(q) = G(q)G(q*) + qH (q)H(q*)

{G(¢") (G(¢"°) + qH(—=q")) + qH(q") (*H(¢"°) + G(—¢")) }

(5.19.1)  +q(H(=¢")G(¢") + H(q)G(=q")}
Separating the even and odd indexed terms, we easily show that
(5.19.2) ¢(q) = o(q") + 241 (¢°).
Using (2.10), (2.7), and (5.19.2), we conclude from (5.19.1) that
G(¢")G(q'®) +¢"H(q")H(q'°) + q (H(—¢")G(q") + H(¢")G(=q"))

X @f(=*) _ ela) _ ele") +2q0(¢%)

f(=a®) f(=¢®) f(=a®)
Equating odd parts on both sides of (5.19.3), we deduce that

(5.19.3) =

(5.19.4) H(—¢")G(¢") + H(¢")G(—q") =2

which is Entry 3.20 with ¢ replaced by ¢*. d

5.20. Proof of Entry 3.21

We shall see that Watson’s proof [34] of Entry 3.21 follows by combining Entries
3.1 and 3.2 with some elementary identities for theta functions.
From Entries 3.2 and 3.3, we easily deduce that

_ #la) + e(a”) _ (@) = (@)
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Applying each of the equalities in (5.20.1) twice, but with ¢ replaced by —¢ in two
instances, using (2.16), using Lemma 5.2, and invoking (2.12), we find that

5\, (5 _
(G0} H(~q) — aG(~q)H(q) = 2 )f( i <) )w(?)% ’

(0" ~ ()
2G(q)H(g) ()
2

1

-~ G(gMHH(¢)x(—q"0) f2(—¢?)

__2¢%f(=¢*)  f(=a)x(=¢*)
X(=¢") f(=¢?) f(=¢?)
_ 2¢°Y(¢")
(5.20.2) TR

where we applied the elementary identities
f(=9)
x(=q)

with ¢ replaced by ¢'° and ¢?, respectively. The identities in (5.20.3) both follow
from (2.14). The truth of Entry 3.21 is readily apparent from (5.20.2).

(5.20.3) Y(g)x(—q) = f(=¢°) =

)

5.21. Proof of Entry 3.22
First Proof of Entry 3.22. Using (4.23) and (4.24) in Entry 3.5, we find that

x(¢*) = G(¢"°)H(q) — ¢°G(q)H (¢"°)

— {f(—qz)G(Q) - qH(_q4)} H{q) - {f(—q2)

H(g) - G(—q4>} )

f(=¢®) f(=¢®)
= G(q)G(—q") — qH () H ("),

which is Entry 3.22 with ¢ replaced by —gq. (I

Second Proof of Entry 3.22. Consider the system of three equations,

(5.21.1) G(-9)G(—¢*) + qH(—q)H(—¢") =: T(q),

N T, 4 AN 2¢(q%)

(5.21.2) H(q")G(=¢") +G(¢")H(—¢") = T’
4,0 ( 40

(5213 ~H(a)6(=¢") + Gl (g = .

Note that (5.21.1) merely gives the definition of T'(g), and that our goal is to show
that T(q) = x(¢?). The equality (5.21.2) is (3.24) with ¢ replaced by ¢*, and
(5.21.3) is (3.25) with ¢ replaced by ¢*. We regard (5.21.1)—(5.21.3) as a system of
three equations in the “variables” G(—q*), H(—q%), and —1. Thus, we have

(5.21.4) H(q") G(q*)
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Expanding (5.21.4) by the last column, we find that

2T(q)G(¢")H(q") — ;1(’/}_(288)) {G(—q)G(¢*) + qH(—q)H(q")}
(5.21.5) + 2304(1/}(5:;) {G(~q)G(q") — qH(~q)H(q")} = 0.

Using (2.12), (3.4) with ¢ replaced by —q, and (3.3) with ¢ replaced by —q, we
rewrite (5.21.5) in the form

(5.21.6) T(@)f(=¢*) _ $(¢*)p(=") q4w<q4°>s(o<—q>

7 S R G ) R gy e

or, upon rearrangement,

:O’

f(*q4) _5 8\ _ 4 ¢ 40
D ) T ™) {e(=")(q®) — a* (=) (¢*)} .

By (2.15), (5.21.7) can be rewritten as

(521.7)  T(q) =

9 2
(5.21.8) T(q) = m {o(=®)(d®) — ¢*o(—a)w(g*)} .

From (5.5.12), we find, after simplification, that
e(=a")0(¢%) — a*p(—a)¥(a™)
— VA=A vE {1 - (- )]
_ q4\/Z(1 _ a)1/44iq5\/%{1 —(1- 5)1/4}
(5.21.9) = VA% {(1—@1/4— 1 —a)1/4}.

4q
Putting (5.5.15) and (5.21.9) in (5.21.8), we arrive at
2 1— 1/4 _ 1— 1/4
o110 g = X090
22/3(aB)/0{(1 - a)(1 - B)}
In comparing (5.21.10) with (3.26), we see that it remains to show that

(19— (1~ 0y
(52111) 22/3(aﬁ)1/6{(1 o Ck)(]. _ 6)}1/24 =1

But (5.21.11) is equivalent to (5.5.1), and so the proof is complete. O

5.22. Proof of Entry 3.23

We first remark that we have already given one proof of Entry 3.23 along with
one of our proofs of Entry 3.11. We provide a second proof here.
Using (2.11) and (2.14), we see that Entry 3.23 is equivalent to the identity

6
f=a", ) (=, @)+ af (@, —a®) f(¢®, —¢"?) = %ﬂq?)ﬂq?’)

(5.22.1) = f(=g") f(=a®)x(9)x(q°).
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Using the product representations of x(¢) and f(—¢) given in (2.9) and (2.10),
respectively, together with (2.6), we find that

F=a)x(@) = (6% 0" oo (0 6*) o = (@*1¢*) o (— 0 ¢*) o (=01 ¢*) o
= f(q,4°) = ¥(q)

and
F(=a")x(@%) = (6% 400 (0% 0"%)o0 = (6% ') o0 (0"% ¢"*) 0o (=% ¢"%)
= (0% ¢ (0% ¢")
=(q12;q )oo (@25 ) o (6**5 %) o
= f(=¢",—¢"%) = p(=¢"?),
by (2.7). It thus suffices to prove that
(5.22.2) F(=a*,d®) f(=d°, ") + af (@, —a®) f(¢®, —a"?) = o(—¢"*)¥(q).

We now apply Theorem 4.1 with the parameters e; = 1, ¢ = 0, a = b = ¢'?
c=q,d=¢>,a=2,3=1,and m = 5. We consequently find that

o(—a")(q) = F(=*, =" ) F(—=¢*, = ") + af (=", =) f(—=¢*', —¢*)
+ ¢ f(=*, =NV (=", =) + ¢ f(=a7, =) (¢ %, —¢)
+ @ f (¢ =) f(—=q7 "%, —¢")
= f(=¢"%, =) F(=¢®, =) + af (=", =) F (=", —¢*)
+ 3 f(=°, =N (=", =) + " F (—¢*, =) F (=4, —¢T)
(5.22.3) + ¢ (=", =) F(—¢"°, —¢"),

where we applied (2.5) four times in the last equality. By (2.19), with a = —¢%,b =
¢*, and n = 2, and with a = ¢,b = —¢*, and n = 2, respectively,

(5.22.4) f(=?¢%) = (=", —¢"") = (=", —),
(5.22.5) g, =" = f(=4",=d"*) + af (=", —¢°).
Replacing q by ¢ and ¢2 in each of (5.22.4) and (5.22.5), respectively, we find that
F(=a*,¢°%) = F(=d"%,—¢*) = " f(=¢*%, %)
F(=% ") = (=¥, —¢**) = " F(—¢"". —¢*),
F(@ =% = f(=¢", =) + P f(—¢*, —%)
[ =4 = F(=¢*", —¢*) + @ f (¢, —¢°)
Return to (5.22.3) and substitute each of the equalities above to deduce that
o(=¢")(q) = {f(=a", ®) f(=d®. ") + af (. —®) f(¢*, —4*?) }
= (=", =) f(=4"°, =) + ¢* F(=¢*, —¢®) F(=¢*", —¢*)
- ¢ f(=¢°, )f(—q21, —¢*) = ¢ f(=a" =) f(=", =)
(5.22.6) +¢°f(=¢"% =) f(=¢*, —¢°T).
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We now use Theorem 4.1 again, but now with the parameters e; = 1, e = 0,
a=1b=q¢* c=qd=¢, a=2, 6:1 and m = 5. Hence, we find that

(=1, =) = ¢ F(—=¢", =) f(—4"®, —¢"°)
+ ' f(—* =) (= 7—q33) + ¢ f(—=q¢ % =) F(=¢*, —¢*")
+q18f(— =N (= =)+ P (= =) (=% -0 7?)
=’ f(—q 3O)f( 0", —q®) + " F(=, =) f (=47, —¢*)
- (=, =N (= —¢*) = ¢ F (=" =) F(=¢°, —¢)
(5.227)  +q f(—q =) f(—¢% —¢"7),

after four applications of (2.5). The product on the far left side of (5.22.7) equals
0, by (2.4). Hence, since the right-hand sides of (5.22.7) and (5.22.6) are equal, we
complete the proof of (5.22.2), and hence also of Entry 3.23.

5.23. Proof of Entry 3.24

We first remark that we have already given one proof of Entry 3.24 along with
one of our proofs of Entry 3.12. We provide a second proof here.

This proof of Entry 3.24 is very similar to that given above for Entry 3.23.
Using (2.11) and (2.14), we see that Entry 3.24 is equivalent to the identity

12 18 Ay 6 _ 24\ 2 3\ _ X(q2)X(q3) 6
f(=a%¢°)f(e,—¢") —af(¢",—a") f(=q", q") D@ (@) f(q)
(5.23.1) = F(=) F(="H)x(*)x(d%).
Using the product representations of x(q) and f(—¢) from (2.10) and (2.9), respec-
tively, together with (2.6), we obtain

F=P) (=X (@)X (@) = (6% 6%) 00 (@26 oo (=075 41 ) oo (%5 ¢%) o
_ (@56
(2% 4%
= (0>, ¢")(¢" ¢*) oo (0¥ ¢*) o
= (¢*, &) F(=q", —q") = ¥ (¢*)p(—q").
It therefore remains to prove that
(5.23.2) F(=a",¢"®) (@, —q") — af (@®, =) [ (=, ¢*) = (=" )0 ().

We now apply Theorem 4.1 with the parameters e; = 1, e =0, a = b = ¢*,
c=¢d=¢ ,a=1,3=3,and m = 5. Accordingly, we find that

(4% 6" o0 (0”5 ") 0 (6% ) 0o (6% ¢ )0 (01 0*) o

(5.23.3)
e(—4")¥(q ) F(=a",=d") (=4 =" + ¢ f (=0, —¢") f (=", —™®)
( —11 7q31)f(7q1877q102)+q45f(7q723,7q43)f(7q76,7q126)
+q84f( =) f(—¢*, —¢"")
= (=4, =) (=", =*) + @ F(—=q, —¢"*) F (—¢"*, —¢"°)
- q7f(—q ) f(—q"%, —¢"?) - q13f(—q3, —¢") f(=4° ="
- ¢* (=", =) f (¢, —¢"),
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where we applied (2.5) five times in the last equality. Recording again (5.22.4) and
(5.22.5) as well as their analogues with ¢ replaced by ¢%, we find that

f(=¢,¢°) = f(- q7 -¢'"") = (=4, —q),
f(=4",¢"%) = f(=¢**, —¢*%) - 12f(— L —%).
flg,—q") = f(—q 7—q13)+qf( %),
F(@® =a*) = f(=4", —4"®) + ¢ F (=", —¢*®).

Using these identities in (5.23.3), we find that, after some elementary algebra,

o(—q () — {f(=4"%.a") fla, —¢*) — af(®, =) f(=a*. ¢%) }
= qf(—=¢°, - 11)f(—q42 —q") = af(=¢*, =" f(—=¢"*, —¢%°)
— " f(=", ="V f(=¢®, =) + ¢ f (=", =" F(=¢°, —¢"™)
(5.23.4) —q f(—q7 —¢")f(—=¢",—¢').

Next, we apply Theorem 4.1 again, but now with the parameters e; = 1, €5 = 0,
a=1,b=¢%c=¢>d=¢°, a=1,3=3,and m = 5. Accordingly, we find that

(5.23.5)
af(=1,=*)¥(¢%) = af (—¢°, q )f(—q78 — 42)+q‘*f(—q‘?’,—6123)f(—q54,—q“)
+q9f(—q7 " —q 5)f( )+ ¢ f(—=*, —¢") F(—=¢°, —¢")
+q85f(—q‘ ) f(—q q‘ls)
=qf(—q 11)f( q42, ") = af(=¢*, =" f(—=¢"*, —¢%)

—q f(—q =) (=%, ") + ¢ f (4", —¢"*) F (=5, —¢'**)
-’ f(—q,—¢") f(—¢"%, —¢""?),

after five applications of (2.5). The right sides of (5.23.4) and (5.23.5) are identical.
Thus, the left sides of (5.23.4) and (5.23.5) are identical. Since the left side of
(5.23.5) equals 0 by (2.4), we see that (5.23.2) follows immediately. This completes
the proof of Entry 3.24.

5.24. Proofs of Entry 3.25

First Proof of Entry 3.25. Using (4.23) and (4.24) in (3.14) with ¢ replaced by ¢°,
we arrive at

(5.24.1)
xX(=q)x(—4¢°)
X(—¢*)x(—q'®)
72
B ;E—le% {H(¢") (G(¢"**) + "H(—¢*)) — aG(q*) (" H(q"**) + G(—¢*)) }
_ TETD) (e - Gt g ™)
)

f(=q'®)
—-q (G(¢")G(=¢*°) — *H(¢ ) H(—¢*°)) } .

= G(¢")H(q") — qH (¢°)G(q")
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Using (2.14), (2.15), and (5.7.10) with g replaced by —g, we deduce from (5.24.1)
that

(5.24.2)
H(¢")G(¢") = ¢®G(¢")H(¢*") — ¢ (G(¢)G(—¢"°) — ¢*H(¢") H(~¢*°))
f=a®)x(=a)x(=¢°) 5
= = X\=q)x(q )X{—q
X(=¢*)x(=q'®) f(—4™) e )x
_ X(_q36) { x(¢"?) —gq x(g") }
x(=¢*)  “x(=¢*)
Equating the even and odd parts in both sides of the equation (5.24.2), we readily
obtain Entries 3.14 and 3.25 with ¢ replaced by ¢* and —¢*, respectively. g

36)

Second Proof of Entry 3.25. Employing Theorem 4.1 with the set of parameters
a=¢%b=q"%2, c=q,d=¢*>, a=2, =1, m=25, ¢ =0, and €3 = 1, we find
that

F@®,a*) f(=a) = f(a",a' ) f(=a"%, —a*") —af(a",a*) F(=4"%, —4*")
+3°f(a.a) (=", —a*) = f(a"',4"*) f(—4°, =4*°),
where we used (2.4) and (2.5) twice. Upon the rearrangement of terms and use of
(4.26) and (4.27), with ¢ replaced by —¢, and (2.11), we deduce that
(5.24.3)
F(@® ") f(=a) = F(=¢"%,="N){f(a" d') — af(d",d*)}
— (=", =) [ (" a") — ¢’ f(g, %)}

= [(=¢"%, =¢*NG(=a) [ (=¢*) = " f(=4°, =’ ) H(=q) [ (—4")

= f(=a*)f(=") {G(¢")G(~q) — *H(¢")H (~q) }
By (5.7.8) with g replaced by ¢%, (2.14), and (2.17) in the form x(q) f(—¢q) = ¢(—¢?),
but with ¢ replaced by ¢”, we find that

ffd e o e(=d"®) x(=9)x(¢®)
(5244) e - NI T )
Hence, by (5.24.3) and (5.24.4), the proof of Entry 3.25 is complete. d

Third Proof of Entry 3.25. To prove Entry 3.25, we need the identity [5, p. 349,
Entry 2(i)]
(5.24.5) e(@)e(q”) — ¢°(¢°) = 20p(=¢*)¥(¢”)x(4?).
Recall the definitions
9(0) = f(=)G(a) = f(=¢*,—¢*)  and  h(q) = f(~9)H(q) = f(~g¢,—¢").

Using (2.11), (2.7), (2.6), and some elementary product manipulations, we see that
Entry 3.25 is equivalent to the identity

(5.24.6) 9(=)9(¢”) — h(—=)h(¢”) = o(—a*) f(d°, ¢").
Replacing ¢ by —¢q in (5.24.6) gives
(5.24.7) 9(@)9(=q") — *h@h(—¢") = o(—=¢*) f(°, ¢").

We prove (5.24.7).
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Using (2.11), (2.8), (2.6), and some elementary product manipulations we can
express Entry 3.13 as

(5.24.8) 9(@”)h(q*) — ag(qa*)n(q®) = Y(—=q) f(¢®, ¢"°).

It is also easily verified, using the product expansions from (2.8) and (2.9), that
Entry 3.20 is equivalent to the identity

(5.24.9) 9(@)h(—q) + g(=a)h(q) = 2¢(q)(—q).
Consider the system of three equations,

(5.24.10) 9(0)9(—=¢) — *h(@)h(—¢") = T(q),

(5.24.11) 9(@)9(¢”) + ¢®h(q)h(q’) = f2( %),

(5.24.12) 9(0)9(q*) + qh(@)h(q*) = ¥(q)o(—¢°).

Equation (5.24.11) above is equation (5.6.1), while equation (5.24.12) is a variation
of equation (3.2). We wish to show that T(q) = ¢(—¢?)f(¢°% ¢'?). Regarding this
system in the variables ¢g(¢), gh(q), and —1, we find that

9(=¢°) —qh(—¢") T(q)
(5.24.13) 9(¢®)  qh(d”) f(=¢*) |=o.
9(q*) h(q4) o(=a*)¥(q)

Expanding the determinant in (5.24.13) along the last column, we find that

(5 24 14)
(@) {9(’ —qg(q*)h(¢”)} — f2 ) {g(- ) +aqg(q"h(—¢")}
+‘P(— {qg - )h( )+qg(q )(—¢°)} = 0.

Using (5.24.8), (5.24.8) with ¢ replaced by —¢ , and (5.24.9) with ¢ replaced by ¢°
n (5.24.14), we find that

T()v(—a)f(¢*,¢"°) = F(=*) (@) f (=, —a"°) — 2q0(=a*)P (@) (=" ¥(q”).
It suffices then to prove that
o(—a*) f(d® a*) (=) f(d*,¢")
(5.24.15) = (- q3)¢(q)f( 7, —q") = 2q0(—*)V (@) (=" ¥ (q?).
By (2.6), (2.7), and (2.8), we find that

( )oo (=05 4%) 00 (4% 6%) 00 (45 ¢°) 00 (4%5 4%) 0 (0% 4°) 0 (0% 62 o
_ E—q 14 ;oo( 6. ) (45 4%)0

6. 6 2, 2
q ¢°:4°)e (a0
oo > (q3; qG)oo( Joo(4730)e

(5.24.16) :w(—qﬁ)w(—q)w(q?’)-
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Multiply both sides of (5.24.15) by f(—¢°) and use (5.24.16) with ¢ replaced by
—¢* to deduce that
(5.24.17)
P(=a ) (=a)p(=a")(a*) b (—¢")
= (=)@ f(—a*, —a) f(=a°) = 200(=a* )P (@) (=4 ) (") F(—4°).
From (5.7.6) and (2.14), we find that
(5.24.18) F=a, =) f(=a*) = f(=a)¥(d?).
Using (5.24.18) with g replaced by ¢2 in (5.24.17), we find that

(=" (=) e(—q"* ) (¢*) v (—4”)

(5.24.19) = FP(=")(@)¥(a”) = 2a9(=a*) (@) (—a")¥(a”) f(—4°)-
Using (2.13)—(2.15), or using (2.7)—(2.9), we can easily verify that
(5.24.20) F=9) = (@) (—a).

Using (5.13.4) twice with ¢ replaced by —g and —¢°, respectively, and (5.24.20)
with ¢ replaced by ¢%, we deduce from (5.24.19) that

e(=0)¥(@)o(—a” )0 (e ) (a?)
(5.2421) = 9(*)P* (=" ) (0¥ (a”) — 2ap(—a*) (@) (—a”) ¥ (¢”) F(—d°).
Divide both sides of (5.24.21) with 1(q)¥(¢®)1(¢%) to conclude that
Ploa)e(=0") = H(—0") — Sl —)(—a") (o)
(5.24.22) = 0% (—=¢%) = 2q0(—=*) (=" )x (=),
where in the last step we used the extremal equality in (2.14) with ¢ replaced by

—q3. If we replace ¢ by —¢, then (5.24.22) reduces to (5.24.5). Hence, the proof of
Entry 3.25 is complete. U

5.25. Proofs of Entries 3.26 and 3.27

The proofs in this section are due to Watson [34].
Recall that we have by (5.19.2),

(5.25.1) o(q) = (") + 2q1(¢%).

Returning to (5.20.1), we use (5.25.1) twice. Then we apply Entries 3.2, 3.3, and
3.20, with ¢ replaced by ¢*, and Entry 3.21, with ¢ replaced by ¢. In these resulting
equalities, we solve for ¢(q*), ©(¢?°), ¥(¢®), and 1 (q*°), respectively, and substitute
them in the second equality below. Accordingly, we find that

©(q) + ¢(¢°)

D = 36 -
_old) + @) | a(d®) +a°v(e")
2G(¢*) f(—4?) G(g*) f(—4?)
(5.25.2) _ D) (G(q"®) + qH(—q%)).

f(=4?)
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Performing exactly the same steps on the second equality of (5.20.1), we find that

q) — ¢(q°
10 = St
_ oldh) —ele®) | a(d®) — ¢*d(e™)
2H(q") f(=4) H(q*)f(—¢?)
(5.25.3) _ =) (¢"H(¢"®) + 4G (~q"))
o f(=a%) '

For brevity, set
(5.25.4) T(q) == G(¢")H(—q) + *G(—q)H (¢"").

Next, in the definition (5.25.4), we substitute for each of the functions G and H
their respective representations from (5.25.2) and (5.25.3). We therefore deduce
that

f(—qz) . f(= 22)T(q) _ {G(q176) + an(—q44)} {G(—q4) _ q3H(q16)}
+¢*{G(@"%) —qH(~¢")} {G(—¢"") +¢* H(¢"™)}
= {G(-¢")G(¢"™®) — ¢*°H(—¢")H(¢"™)}
+¢*{G(¢'*)G(=¢") — ¢ H(q"*) H(~¢"")}
—¢*{G(¢"™)H(¢"%) - ¢**G(¢") H(¢'™)}
(5.25.5) —¢* {G(~¢"H(~q") - °G(~¢") H(~¢"")} .
Recalling the definitions of U and V in (3.31) and (3.32), respectively, recalling

the definition (5.25.4), and using Entry 3.4, we find that (5.25.5) can be written in
the form

(5.25.6)  x(=*)x(—a")x(=¢**)x(=¢")T(q) = U(=¢") + ¢’V (=¢") - 2¢°.
Now replace ¢ by —¢ in (5.25.6) and subtract the two equalities to deduce that
(5.25.7) X(=a*)x (= )x(=¢*)x(=¢*) {T(=q) — T(q)} = 4¢°.

We can obtain a second equation connecting 7'(¢) and T(—¢) in the following
manner. We record (3.5), (5.25.4), and (3.24), with ¢ replaced by ¢*!. Accordingly,

G(¢"HYH(q) - *G(9)H(¢") =1,
G(¢""H(—q) + ¢°G(—q)H(¢"") = T(q),
11 _ 11 _ 11 11 —_ 2
Glg )H(—q¢ ) +G(—¢ )H(q") )

Regarding G(q¢'t), H(g'!), and 1 as the “variables,” we conclude from this triple
of equations that
H(q) *QQQG(Q) 1
(5.25.8) H(-q) ¢*G(-q) qu) —0
H _qll G _qll
() G X*(—q*?)
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Expanding this determinant (5.25.8) by the last column, using Entry 3.4, recalling
the definition (5.25.4), and using Entry 3.20, we find that
4q? _
X (=a?)x*(—q*)
We now use the theory of modular equations. In Ramanujan’s notation for
the moduli k and 4, let o = k% and 3 = ¢2, where (3 is of degree 11 over a.. The

standard modular equation of degree 11, first found by H. Schréter and rediscovered
by Ramanujan [5, p. 363, Entry 7(i)], is given by

(5:25.10) (@) +{(1 - a)(1— M + 2 {ap(1 — a)(1 - B}/ = 1.

We also need the representations [5, p. 124, Entries 12(v), (vii)]
(5.25.11)

Ko =2 (%)UM and  x(—¢%) =2'/° (%)”M.

(5.25.9) 1-T(q)T(—q) +

a(l — « a

Lastly, we set —¢? = Q. Thus, using (5.25.7), (5.25.9), and (5.25.11), the modular
equation (5.25.10), and lastly (5.25.11), we deduce that

(5.25.12)

(=) (=" )N (=X (—a") {T(q) + T(—q)}*
=4 (Q)X*(—Q*)X*(Q")X*(—Q%?) — 16Qx* (—Q*)x*(—Q*) — 16Q°
Q- @) 2(@ D3 (-Q®)
_ Q’°
8 <1 (Q”) 16X2(Q)X2(—Q2)X2 Q“)XQ(—QQQ)>

(
Q) ( (Q“) 2(-Q%) (1- 2% {aB(1 — a)(1 - A}/ = (aB)*)
DEQN(-Q(Q™)x (—Q22){(1—a)(1—ﬂ)}1/4

_ 11 122 (=@ (=Q*)

Changing back to the original variable ¢, we take the square root of both sides
of (5.25.12) to deduce that

X(=q)x(=¢") x(a*)x(q
(5:25.13) T D) =2 e ~ X
by (2.15). Now combine (5.25.13) with (5.25.7) to derive the desired formula (3.30).
It remains to prove (3.33) and (3.34). Return to (5.25.6) and insert the just
proved formula for T'(¢) in Entry 3.26. We thus find that

22)

(5.25.14) U(—q") + ¢*V(=q") = x(¢®)x (=" )x(¢**)x(—¢*).
Changing the sign of ¢? in (5.25.14), we find that
(5.25.15) U(—q") = ¢*V(=¢") = x(=*)x(—¢" )x(=¢**)x(—¢**).

Multiplying (5.25.14) and (5.25.15) together, we arrive at
U?(=¢") = ¢'VZ(=q") = x(¢*)x (=" )x(@**)x(=¢**)x* (—=a")x*(—¢™")
(5.25.16) = x* (=" (=),
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by (2.15). If we replace —¢* by ¢ in (5.25.16), we obtain (3.33).
Finally, we prove (3.34). We record the definition (3.31) of U(q), (3.5) with ¢
replaced by ¢*, and (3.3) with ¢ replaced by ¢!, in the array
G(@)G(a"™) +"H(a)H(q™) = U(a),
H(q")G(¢") = °G(¢") H(¢™) = 1,
DG + " H (g H (™) = X0,

Regard this system of equations as three equations in the unknowns G(¢**), ¢® H (¢**),
and —1. It follows that

G(q

Glg)  qH(q U(q)
(5.25.17) H(g") —G(¢Y 1 |=o.

G(¢") *H(¢") x*(¢")
Expanding the determinant (5.25.17) by the last column, and then using the defi-
nition (3.32) of V, (3.5), and (3.3), we find that

UV (g) +a—x*(¢")x*(q) =0,

which is precisely (3.34).

5.26. Proof of the First Part of Entry 3.28

Our argument below is the same as that of Bressoud [14].
To prove (3.35), we use (2.11) to rewrite the identity as

f=** ="V —¢®) — @ F(=¢", —°) F (=47, —¢%®)
f(=¢* —¢*) f(—q%, — 102)+q7f( ¢, —q*) f(—¢**, —q*3)
_ X0 f (=) f(=¢'T)
X(=*) f(=a) f(—=¢**)

(5.26.1)

From (2.9) and (2.10), it is easy to see that

X(—) f(=*) F(=a"") = (6: 0750 (0% 0% oo (0" 54" ) oo
= (950 (0"; o0 (6**; * )0

= f(=a)x(=a") f(=*).
Thus, the right-hand side of (5.26.1) equals 1, and so (3.35) is equivalent to
= =) (=% ~¢®) = @’ f(=a*, —a") f(—a'T, )
(5.26.2) = (=", —a*) [ (=%, —qwz) +q" f(=a.—¢") f(=¢*, —¢").

. o o 17 .
We now apply (4.16) with o = 1 and 8 = 5~ to obtain

2
(5.26.3) Y F(1,%,3,5,1,k)
k=1

0|~

= (f(=* =N (=P =) = P f (=", =aO) F(—¢", —d®)).
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Similarly, letting a = 1 and 8 = 17 in (4.15), we deduce that

7
= ¢ (f(=a", =) f(=4%, —"*) + 4" f(=q, —¢") f (=4, —4"°)).
The two sets of parameters {1, 127, 3,5, 7} and {%, 17,1, 5, %} give rise to the same
series on the right-hand side of (4.8), since the parameters satisfy the conditions in

(4.9). Hence, the right-hand sides of (5.26.3) and (5.26.4) are equal. This completes
the proof of (5.26.2) and so also of the first part of Entry 3.28.
5.27. Proof of the Equivalence of Entries 3.31 and 3.32

For brevity, define

(5.27.1) M(q) := G(¢*)G(¢*®) + ¢"H(¢*)H (¢*),
(5.27.2) N(q) == G(¢°)H(q) — ¢"*H(¢°")G(q),
R(q) == G(¢°*)H(q"") — ¢"" H(¢°*)G(q"")
(5.27.3) T(q) := G(¢*)G(¢*®) + ¢"H(¢*)H (¢**),
(5.27.4) U(q) := G(¢"")H(¢°) — q¢H(¢"")G(¢°).

Using (5.27.2), Entry 3.4 with ¢ replaced by ¢°, and Entry 3.8 with ¢ replaced by

g'', we consider the system of three equations,

N(q) = G(¢°®)H(q) — ¢ H(¢"°)G(q),
1 =G(¢*)H(¢®) — ¢"*H(¢*)G(¢°),

(5.27.5)

=R(q) =G(¢")H(¢"") - ¢""H(¢**)G(¢").

It follows that

H(qg) —¢"G(q) N(q)

H(¢®) —q?G(¢°) 1 |=0.

H(q") —¢"'G(¢") R(q)
Expanding this determinant along the last column and using (5.27.4), Entry 3.4,
(5.27.5), and Entry 3.8, we deduce that

(5.27.6)
0=N(q) (—¢"H(¢")G(¢") +¢"*G(¢") H(¢")) + ¢" H(q)G(¢"") — ¢"*G(¢9)H (¢")

+R(q) (—4"*G(¢°)H (q) + ¢ G(9)H(¢"))
_ 11 11 12X( q11) x(=9)
=-N(g9)g Ulg)+q —q N )
Hence, if we define
(5.27.7) W(q) == x=ahx(=g")

then, from (5.27.6), we deduce that
(5.27.8) N(@)U(q) =1 - qW(q).
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Next, using (5.27.1), Entry 3.4 with ¢ replaced by ¢, and Entry 3.7 with ¢
replaced by ¢!, we consider the system of equations

M(q) = G(¢*)G(¢*®) + ¢"H(q*)H(¢*),
1=H(¢*)G(¢*) - ¢"G(¢*)H(¢*),

(5.27.9) =:8(q) = G(¢*)G(¢*) + ¢" H(¢*)H (™).

It follows that

G(¢®) q"H(¢®) Mq)

H(¢’) —¢°G(¢®) 1 |=0.

G(¢*) ¢"H(¢*) S(q)
Expanding the determinant above along the last column and employing (5.27.3),
Entry 3.4 with ¢ replaced by ¢2, (5.27.9), and Entry 3.7, we find that

(5.27.10)

0=M(q) ("' H(q*)H(q*) + ¢°C(¢*)G(¢**)) — a"' G(¢*)H (¢**) + ¢" H (¢*) G (¢*)

+8(0) (—4°G(a*)G(”) — ¢"H(¢*)H ()

6 X(—=0*) x(=¢°)

x(=¢') x(=q)
Hence, using the definition of W(q) in (5.27.7), we deduce from (5.27.10) that

1

Wi(g)
Hence, dividing (5.27.11) by (5.27.8), we conclude that

(5.27.12) M(g)T(q) _ 1

N(@U(q) Wil(q)

Examining Entries 3.31 and 3.32, we see that it suffices to prove just one of them,
for then the other one would follow immediately from (5.27.12).

=M(q)¢"T(q) +q" — q

(5.27.11) M(q)T(q) = —q +

5.28. Proof of Entry 3.33

We provide two proofs.
First Proof of Entry 3.33. Let us define K(q) and L(q) by

(5.28.1) K(q) = G()G(¢*") + ¢ H(q)H(¢™),
(5.28.2) L(q) := H(¢*)G(¢"T) — ¢°G(¢*) H (¢*"),
so that Entry 3.33 reads

K(g) _ x(=¢*)x(=¢*")
(5.28.3) Lig)  x(=g)x(=¢°)

Starting from (3.15) and arguing as in (4.32), we find that

x(=¢%)x(—¢") (—¢°
_q2

B X(@®) oy
(5.28.4) X(—QQ)X(—‘J3)G( q)+ N G(g) =2

X
x( (¢*)
By (2.15), we see that (5.28.4) simplifies to

(5.28.5) X(@*)x(—=¢")G(=q) + x(—¢°)x(¢")G(q) = 2
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Similarly, we find that

(5.28.6) X(=*)x(¢”)H(q) — x(¢*)x(—¢°)H(—q) = 2q

n (5.28.1), we replace ¢ by ¢? and employ (5.28.5) and (5.28.6) with ¢ replaced by
¢® to find that

25(26)) = x( : {G(QQ)G(QNS) +q*H(¢*)H(q")}
{X NG (=¢*) + x(=")x(¢*)G(¢*)}
+qH {X x(¢*") H(q?’) X(@)x(—="H(—¢*)}
= x(¢”)x(—¢*" {G )G(—¢*) — qH(¢*)H(—¢")}
(5.28.7) + x(=")Wx (@) {G(*)G(¢®) + qH(q VH (q%)} .

Using (3.8) twice, once with ¢ replaced by —g, we see that (5.28.7) can be put in
the form

+ x(*qg)x(qw)@-

Using (2.15), we conclude that
(5.28.8)

2K (¢?) = ;CE:ZE; X (=X (@)x(@)x (=) + x(@)x(—*)x(—a")x(¢*) } -

To obtain the desired expression for L(q?), we use Lemma 4.3. Then, in (5.28.2),
replacing ¢ by ¢?, employing (4.36) and (4.37), and arguing as in (5.28.7), we find
that

L(q2) _ 3 54 9y 9 54 9
s = Xax(—a ) {G(*)H(¢°) — *H(¢*)G(¢")}

(5.28.9) +x(=)x(*) {G(H(~¢") + ¢’ H(¢"")G(—¢") } .

2

Using (3.9), with g replaced by ¢° and —¢°, respectively, we find from (5.28.9) that

L(¢%) 3y X(=¢°) 5y x(¢°)
2—— % = x(@)x(—=¢ +x(=q)x(q ;
x(—¢'®) (@x( )x(*qw) Fax( )x(q27)
which, by (2.15), implies that
(5.28.10)
2 x(—¢"*) 3 9 27 3 9 27
2L(¢°%) = @y {x(@x(=*)x(=¢")x(¢*") + x(=)x(¢*)x(¢")x(=¢*) } -

Dividing (5.28.8) by (5.28.10), we obtain (5.28.3) with ¢ replaced by ¢*. Hence, the
proof of Entry 3.33 is complete. O

Second Proof of Entry 3.33. Recall once more the definitions

9(q) = f(=)G(q) = f(=¢*,—¢*)  and  h(q) = f(—q)H(q) = f(—q, —q").
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Our proof of Entry 3.33 uses Entries 3.6, 3.7, and 3.8, which we write in their
equivalent forms (see (5.6.1), (5.7.3), and (5.8.2)),

(5.28.11) 9(@)9(a°) + Ph(a)h(a®) = f*(—¢°),
(5.28.12) 9(a*)9(a®) + qh(®)h(q*) = P (q)p(—¢?),
(5.28.13) 9(@®)h(a) — ag(@)h(d®) = ¥(a®)p(—q).

Let us define M(q) and N(q) by

q) = h(g*)9(a*) — ¢°9(a*)n(a°),
q) = 9(0)9(a>*) + ¢" h(@)h(¢™).
By (2.11) and (2.14), Entry 3.33 is equivalent to the identity
(5.28.16) Na) _ fa)fCPOXax(=a"T) _ x(=¢°)

M(q)  f(=@)f(=)x(=a)x(=¢")  x(—¢°)
By (5.28.15), (5.28.11), and (5.28.13) with ¢ replaced by ¢® and ¢°, respectively, in
the latter two cases, we deduce the following system of three equations:

9(@)9(a®") + ¢ h(g)h(¢**) = N(q),
9(a®)g(a**) + ¢*h(®)h(@®*) = f(—=¢"®),
ha”)g9(@®) — °9(a”)n(¢**) = ¥(®)p(—4").
Regarding this system in the variables G(¢**), ¢°h(¢**), and —1, we find that

9(q)  ¢*h(q) N(q)
(5.28.17) 9(¢®) @h(d®)  fA(=¢'®) |=0.
Me®)  —9(d®) (@®)e(—¢")
Expanding the determinant in (5.28.17) along the last column, we find that
— N(q) {9(¢®)9(¢°) + ¢*n(q°)h(q°) }
+ (=" {9(0)9(¢°) + ¢*h(q)h(¢”) }
(5.28.18) = o(=") (") {m(a)g(a®) — ag(a)h(¢®)} = 0.

Using (5.28.12) with ¢ replaced by ¢3, (5.28.11), and (5.28.13) in (5.28.18), we find
that

= N(@v(@®)p(=a°) + f2(=a"*) (=) = P(@®)p(=a")U () p(—q) = 0.
Solving for N(g), we deduce that

2/ 18\ 2/ 3
_f ;(;3);{_((]9? ) _ () p(—q).

Next, we determine M (q). By (5.28.14), (5.28.12), and (5.28.11) with ¢ replaced
by ¢° and ¢, respectively, in the latter two equalities, we find that

mMa*)g(@®™) — ¢ 9(®)h(@®") = M(q),
9(@*)g(@®) + °h(¢"®)h(*") = ¥(¢”)(—¢T),
9(@*)9(@®) + Ch(P)h(@®) = (=)

(5.28.14) M

(
(5.28.15) N(

(5.28.19) N(q)
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Regarding this system in the variables g(¢®7), ¢°h(¢*"), and —1 and arguing as
we did above, we find that

aM (@) (¢”)p(—¢*) — ¥(@”)e(—* (@) p(—a®) + f*(=a°) f*(—¢°) = 0.

Solving for ¢M(q), we arrive at

Recall that, by (5.7.6) and (5.7.8),
(5.28.21) f=a,—¢*) = x(=a)¥(a°)
and
_3
(5.28.22) fla,¢?) = ‘i((_qq)).
By (2.19) with n = 3 (see also [5, p. 49, Cor.]), we find that
(5.28.23) p(=a) = p(=¢") — 24f(=¢*, —¢"°),
(5.28.24) ¥(q) = f(¢°,4°) + qv(d”).

Using (5.28.21) and (5.28.22) in (5.28.23) and (5.28.24) with ¢ replaced by ¢3, we
obtain, respectively,

(5.28.25) o(—q) = o(—¢°) — 2qx(—¢*)v(q”),
(5.28.26) Y(q) = ) +aqv(q”).

x(—¢%)
We deduce from (5.28.25) and (5.28.26) that
(5.28.27) X(=0(a") = 5 (=) = e(=a)}.
(5.28.28) P(g)x(—¢°) = % {3¢(=¢") — (=)} .

By (2.14), we easily find that

(5.28.29) e ¥(q),
(5.28.30) % = ¢(—g)x(—q).

By (5.28.19), (5.28.29), and (5.28.30) with ¢ replaced by ¢° and ¢3, respectively, in
the latter two equations, we find that

(5.28.31) X(=¢")N(q) = x(=*)(—=*)¥(¢°) — (@ )x(—¢”)e(—q).

Using (5.28.27) twice in (5.28.31) with ¢ replaced by ¢ and ¢?, respectively, we find

that
x(—=¢”)N(q) = 2—1q<p(—q3) {o(=a”) — (=9} - 22—(113 {e(=¢"") — e(=*) } (—q)

(5.28.32) = 2—1q {e(=")o(=¢") = p(=)e(=¢"")} -
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Similarly, by (5.28.20), (5.28.29), and (5.28.30) with ¢ replaced by ¢* and ¢°, re-
spectively, we find that

(5.28.33) ax(—=a*)M(q) = x(=a*)p(=a*)¥(a) — ¥(a*)x(=¢°)p(—¢°).-
Using (5.28.28) twice with ¢ replaced by ¢ and ¢2, respectively, we find that

1
ax(—q*)M(q) = 5@ ) {30 (- —a)} -5 {3<p —¢(=¢*)} (=’
(5.28.34) =5  {o(—)p (=) — p(—a)p(—a*)}
Dividing (5.28.34) by (5.28.32), we see that (5.28.16) is verified. Hence, the second
proof of Entry 3.33 is complete. (]

5.29. Proof of Entry 3.34

Our proof is a moderate modification of the proof given by Bressoud [14].
Using (1.2), (2.6), and some elementary product manipulations, we can show
that

o) AU
Adding Entries 3.20 and 3.21, we find that
(5.20.2) Gla)H(~0) = 537 {00a®) + 0(a")}

Next, we recall Entry 3.34:
{G(0)G(—4"") — ¢*H(q)H(—¢"")} {G(— —¢*H(—q)H(q")}
(5.29.3) = G(¢*)G(¢*) + ¢*H (¢ ) (¢*).

Expanding the product on the left side of (5.29.3) and then using (5.29.1) and
(5.29.2), we find that

(5.29.4)
{G(Q)G -¢") - q¢'H - }HG(-9G([¢") - ¢* ( Q)H(q")}
G(9)G(—9)G(¢"*)G(— 19)+Q8H() (—)H(¢")H(—¢")
—¢'G(—q)H(q)G(¢")H(—¢") — ¢*G() H(—q)G(—¢"")H(¢"?)

= —f(q47q6)f(q ") + ¢

1 2 8 38 152
f(_qQ)f(_q38) f( qQ)f(_qgg)f(q y q )f(q , q )

o 2 10 38 19 190
S R {v(¢®) = qv(d")} {¥(¢®) + ¢"v(¢"™)}

BTy T {v(¢*) + qv(d")} {v(¢*®) — "¢ (¢")}
1

) {f(a*a®) (@ ¢") + & F(? ) F (>, ¢"?)

=24 ()0 (d*®) + 2¢°* P (¢" ) (¢"°) } .
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Hence, from (5.29.3) and (5.29.4), we see that it suffices to prove that
G(@*)G(¢*) + ¢®H(q*) H (¢*)
= m{ﬂq‘l,qﬁ)ﬂq a'") + (a2 ) f(a®, )
(5:29.5) = 2" (a?)(™) + 220" (a™) }.
Multiplying both sides of (5.29.5) by f(—¢®)f(—¢*®) and using (2.11), we can
rewrite (5.29.5) in its equivalent form

f(=a" =) (=" =" + (=% =) F(=°%, —¢"*?)
= fld", OV (" ™) + B (B f(d®, )

(5.29.6) —2¢*(¢*)0(d°®) + 2¢** (") (¢").

By (5.16.3), with g replaced by ¢2, the left-hand side of (5.29.6) is

(5.20.7) 1o (P@pla") — pl=0)p(=a")) — a0l 0(a™).

Therefore, it remains to show that

6298 1 (p@)e(a®) — el-a)e(=a") + g vla)o(a*)

(5.29.9) = f(¢",®) (@ a") + P F(P. ®) F(@®,0"%?) + 2629 (¢" ) (¢").

By (5.16.5) and (5.16.6) with ¢ replaced by —¢?, we deduce that
(5.29.10)

% (e@e(d") — p(~a)o(~a"*)) + ¢ ¥(¢®)(g®)

f( 342 418)f(q18’q22) + qgf(qQGG’q494)f(q14:7 q26) 4 2(124'](‘(q1907 q570)f(q107q30)
+ q48f(q1147q 46) ( 34) + qSOf( 387q722)f(q27q38) + q4f(q2,938)f(q3427q418)
+ ql()f(q67q3 ) (q266’q494) + q46f( 14,q )f(q1147q646)
+q76f( 187q22) ( 38 722)

= (F(@"%,4®) + ¢ £ (%, 0®)) (F(¢*2,q%) + ¢S £ (¢, ™))
+ ¢ (f(d", %) + (% ) (F(®, ¢**) +q38f( )
+ 207" (q" )Y (¢").

But by (2.19) with n = 2, first with @ = ¢ and b = ¢*, and secondly with a = ¢
and b = ¢%, we have
(5.29.11)

fla,q*) = fd",q") +af(¢®¢'7) and f(¢* ¢°) = f(¢°,q") + ¢*f(a:4").
Using both parts of (5.29.11) in (5.29.10), each with ¢ replaced by ¢ and ¢, we
see that (5.29.8) holds. Hence, the proof of Entry 3.34 is complete.






CHAPTER 6

Asymptotic “Proofs” of Entries 3.28 (second
part), 3.29, 3.30, 3.31, and 3.35

6.1. Asymptotic Formulas for the Rogers—Ramanujan Functions

In his last letter to Hardy [8, p. 220], Ramanujan communicated the asymptotic

formula,
2 1/2 2 t
G(q) = (5_\/5> exp <15t - 60) +o(1),

where ¢ = e~? and ¢ tends to 0. This asymptotic formula is not sufficiently accurate
for our purposes in this section. It will be convenient to use the more accurate
formulations for both G(¢) and H(q) of M. Katsurada [21]. We not only appeal to
his asymptotic formulas for G(¢q) and H(q), but also for his asymptotic formulas for
other theta functions as well. In fact, Lemma 6.1 can be generalized; J. Lehner [23]
derived a transformation formula for modular transformations in a certain subgroup
of index 12 of the full modular group.

LEMMA 6.1. [21, Cor. 1.4] Let e(z) = €2™%, g = ¢~*, and u = e~4™"/t. Then

c0-(25) (52

1
(6.1.1) " (1/5)ulT%; 0l /5) o (e(45)u /5015 o

2 \'/? 72 11t
H = _— - -
@ (5+\/5> CXp<15t+ 60>
1
% (e(2/5)ul/>;ul/5) o (e(3/5)ut/>;ul/5) o

and

(6.1.2)

We need explicit values for the coefficients in the expansions of the two infinite
products on each side of (6.1.1) and (6.1.2). To that end, we first prove the following
lemma.

LEMMA 6.2. Let a be a fifth root of unity, and write

L = Z bnq™.
n=0

(aq;q)oo(@™1q5 q) oo

Then b, =0, if n = 2,3,4 (mod b).

85
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Proof. Since (1—q¢")(1—aq™)(1—a?¢")(1—-a"1¢")(1—a"2¢") = 1—¢°", by (2.6),

1 _ (69)=(@69)0(a%a59) 0
(ag; @)oo (@715 @)oo (¢°:6°) 0
1 o0
— —1)" 2n n(n—1)/2
i~ o 2 e

1 o0
6.1.3 — —_1)" —2n _ _2n+2 n(7z+1)/2_
Now

1—a*t? =0, if and only if n = 2 (mod 5).

Meanwhile,

n(n+1) _ J0(mod5), ifn=0,4(mod5),
2 ~ |1(mod5), ifn=1,3(modb5).

Thus, the powers of ¢ that survive in the infinite product on the left side of (6.1.3)
are congruent to 0 or 1 modulo 5. (]

Lemma 6.2 is connected with the 5-dissection of the generating function for
cranks, which can be found in Ramanujan’s lost notebook [29, p. 20]. In fact,
Lemma 6.2 can be made slightly more precise; see, in particular, the paper by
Berndt, H. H. Chan, S. H. Chan, and W.—C. Liaw [6, eq. (5.6)].

For our calculations that follow, we need to know the specific values of the
coefficients in Lemma 6.2. To that end,

1
(ag; @)oo (@145 4)oo
=1 +bq+q5 _|_q10 —I—bqll +q15 —‘y—bqlﬁ +2q20 —|—bq21 +2q25 —|—bq26 +3q30
(6.1.4)
+2bg°" + 3¢ + 2bg™ + 4¢"° + 3bg*" +5¢*° + 3bg* +64°° + - - -,

where a = €2™/% and b = 2cos(27/5) = (—1 + v/5)/2, and

1
(443 ¢)oo (@145 4)oo
=1+bg+¢"+q" +bg" + ¢ +bg™® +2¢%° + bg* +2¢*° + bg*® + 3¢*°
(6.1.5)
4 266%" + 3¢%° + 26¢% + 4¢™ + 3bg*" + 5¢% + 36¢™ + 640 + - - |

where a = e*™/5 and b = 2cos(47/5) = (—1 — /5)/2.
We need similar asymptotic formulas for G(—¢) and H(—gq), which can be
derived from Katsurada’s paper [21]. First, from (1.2),

(6.1.6)
1 1

G . — frd .
(=a) L =) (6% 0°)00(65%0%°) 00 (45 ¢1°) 0o (6% ¢10) oo
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Using [21, Cor. 1.3], we readily find that

! (2 ) (P
(6% ¢ (¢% ¢ \5+ 5 *PA30t " 30
1

" e(3/5)u /10w /10)_(e(2/5)ul/10; ul /10)

(6.1.7)
where u = e~4™"/t. For the second product in (6 1.6), we apply the last part of

Corollary 1.3 in [21], with ¢ replaced by ¢'%, a = ﬁ, and pu = —, to find that

(6.1.8) !
T (0% (6% ¢10)
. 2 23t 1
= ex -
PLT606 ~ 60 ) (e(9/10)a1/20; ul/20) _(e(1/10)ul/20; 1720 "

where u = =47/t Substituting (6.1.7) and (6.1.8) in (6.1.6), we deduce that

9 1/2 2 t 1
(6.1.9) G(—q) = <5+\/3) exp (60t - 60> (e(3/5)ul/10; 1/10)
1

X (e(2/5)ul/10; 41710 __(e(9/10)u/29; u1/20) _ (e(1/10)ul/20; 441/20)
Second, from (1.2),

1
(%419 00 (6% ¢19) 00 (=035 ¢19) oo (=075 ¢19)
Using again [21, Cor. 1.3], we find that

! (2 VPt
(6% (6% ¢  \5—+5 *P\ 30~ 30

1
6.1.11
( ) X (e(4/5)ul/10; u1/10) _ (e(1/5)ul/10;41/10) "

(6.1.10) H(—q) =

where u = e=47°/t. For the second product in (6.1.10) we again apply the last part

of Corollary 1.3 in [21], with ¢ replaced by ¢'°, a = and p = 1, to find that

1
(=230 00 (=07 ¢') o

. w2 n 13t 1
= ex [ —
P\ 760t " 60 (e(7/10)ut/20;u1/20) o (e(3/10)ul/20; 4 1/20)

where u = e~4™"/t. Combining (6.1.11) and (6.1.12) with (6.1.10), we deduce that

2 \? 11t 1
6.1.13 H(—q)=| ——= —_— 4+ —
( ) (—9) <5 — \/5) exp <60t + 60> (e(4/5)ul/10;41/10)
1
(e(1/5)ul/10; 41710 __(e(7/10)ul/29; u1/20) _ (e(3/10)ul/20; 41/20)
The familiar transformation formula for the Dedekind eta-function can be writ-
ten in the form [21, Cor. 1.2]

(6.1.14) (@01 = Fexp (gt +g7) ()

107

(6.1.12)
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where ¢ = e!,t > 0, and u = e 4™ /!, Hence, from the definition (2.10) of x(q),
we find that

2 t (u;w)
6.1.15 —q)=+V2 | R
(0119 X fexp( 12t 24> (Vi V)
We need to explicitly determine several coefficients in the expansion of the quotient

on the right hand side of (6.1.15). Thus, letting v = \/u and using Mathematica,
we find that

2t
x(—q)zx/iexp( il —)(1+v+v2+2v3+2v4+3v5+4v6

12t 24
(6.1.16) +507 + 60° + 807 + 100" + O(v'))
and
1 1 2 t
=—exp|l—+—](1-v—0v3 40 —0®+5
NE R A <12t 24) (
(6.1.17) =07 +20°% — 207 + 20" + O(v')),

as v (or t) tends to 0.

We are now ready to provide asymptotic “proofs” of the remaining five entries.
For the proofs of Entries 3.30 and 3.31, we show that both sides of each identity
have the same exponentially asymptotic behavior and calculate only one or two
of the secondary terms arising from the expansions of the products on the rights
sides of (6.1.1), (6.1.2), (6.1.9), and (6.1.13). However, in order to give convincing
arguments for the “proofs” of Entries 3.28, 3.29, and 3.35, it will be necessary to
calculate several terms of the aforementioned expansions. Corresponding calcula-
tions of the asymptotic series in Entries 3.30 and 3.31 are also much easier than
they are for the other three entries.

6.2. “Proof” of Entry 3.30
First, from (6.1.16) and (6.1.17), we find that

x(—4?) 3n° 3t —x%/(19¢)

2.1 X4, _ SO ) (1 ).

(6.2.1) ™) exp( = + 5 ( e + )
Second, from (6.1.1), (6.1.2), (6.1.4), and (6.1.5),

G(¢")H(¢*) — ¢*G(¢*)H(q")

2
= exp < 237 + 5t> <6747r2/(5-19t) L4 /(5190) )

15-76t 12
571'2 5t 2
99 _ _om 9 (1 —407?/(5-19¢) )
(6.2.2) exp< 3-76t+12> +e +

Third, from (6.1.1), (6.1.2), (6.1.4), (6.1.5), (6.1.9), and (6.1.13),
(6.2.3)
2

) H(—q) + ¢"*G(—q)H(q"®) = T 13t w200
G(q™)H(~q) + ¢"°G(—q)H (g )eXp<3.19t 12)(1+e 4 )

Combining (6.2.2) and (6.2.3), we find that
(6.2.4)
G(¢")H(q") —’G(¢")H(¢") _ ox (37T2 4 375) (1 _ -m2/(19%) Jr)
G(¢"*)H(=q) + ¢"°G(=q)H(¢™)

6t 2
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Thus, asymptotically, the left sides of (6.2.1) and (6.2.4) are identical up to the
terms that were calculated.

6.3. “Proof” of Entry 3.31
From (6.1.16) and (6.1.17), we find that

X(=¢*) 27 1
3.1 = — )1+,
(63.1) x(=¢') eXp( .33 T3) 0t
On the other hand, by (6.1.1), (6.1.2), (6.1.4), and (6.1.5),
72 Tt
2 33 TIr( 2 33y _ _ .
632 GEAIGE) + T HAHE) e ({15 ) 1+
and
6771'2 11¢ 2
66 _ 13 66 _ il —4n?/(5:66t) 4
G(¢™)H(q) — ¢ "H(q7)G(q) = exp (15 66t 12) (6 + )
1172 11¢
(6.3.3) = exp (m - E) (T+--4).

Combining (6.3.2) and (6.3.3), we deduce that

G(¢*)G(q™) +a"H(¢)H(¢™) _ 2r®
S i = )

3.4 —
(6:34) 3-33t+3

Asymptotically, the left and right sides of (6.3.1) and (6.3.4) are the same.

6.4. “Proof” of the Second Part of Entry 3.28

To consider the influence of each term in (3.36), we need to calculate several
terms of each asymptotic expansion. Roughly speaking, if a is much larger than b,
in the asymptotic series for G(¢%) (H(q%)) and G(q°) (H(q%)), the terms of G(g%)
(H(g%)) are much larger than those of G(¢®) (H(¢%)). However, in the calculations
which follow, we cannot ignore the terms for G(¢?) and H(g¢?) in relation to those
for G(q'") and H(q'"). More precisely, in order to determine the necessary terms
in the asymptotic expansions below, we need the first two terms in each of the
asymptotic series of G(¢?) and H(g?).

First, if ¢ = e~* and v = e~2™ /(™) ysing (6.1.16) and (6.1.17), we find that

(6.4.1)

3(—
+24% + q4‘XX€(_(‘q—Lf3) = (o v 2 )

+2 4 v? (1—v—v3+~~~)3)

=e 2 (072 (1 + 3v 4 6v” + 130% + 240" + 420° + 730° + 1200 + O(v?))
+2+ 0% (1= 3v + 30> — 40° + O(v*)))

=e " (v2 4+ 3v7 " 4+ 8+ 13v + 250° + 39v° + 760" + 1240° + O(v%)) .

Second, let A, and B, denote the products on the right sides of (6.1.1) and
(6.1.2), respectively, when ¢ is replaced by ¢™. We then find from (6.1.1) and (6.1.2)
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that
(6.4.2)
U= G(q17)H(q2) _ QSG(QQ)H(Q17) — i exp LNQ + i (A1732 — A2317)
V5 1534t ' 12
and
; . T2 Tt
_ 34 7 34y _ o
V =G(@G(q™) +q" H(q)H(q )—eXp(3.34t 12)
(6.4.3) x( 2 A Agy+ —2 BB)
4. 5_\/513454_\/5134-

We thus see from the second part of Entry 3.28 and (6.4.2) and (6.4.3) that we
need to calculate the asymptotic expansions for

(6.4.4) U*V*

L, (36”2 2t>(AB AB)4( 2 M Ag 4 —2 33)4
= — eX —_ — R - R -
25 p 517t 17D2 2D17 5_\/5 1434 5+\/5 1534

and
(6.4.5) qU?V?
1 1872 2 2 2
== 9t ) (A17By — AyBy7)? [ ——— A, A —— BB .
5eXP<5.17t )( 17b2 2Bi17) <5\/5 1 34+5+\/3 1 34>

Letting v = Q%/2, using (6.1.1), (6.1.2), (6.1.4), and (6.1.5), and employing Mathe-
matica, we find that
(6.4.6)

(AirBz = AsBiz)* = 25 (Q* — 4Q%/2 +4Q™ — 4Q™/2 4 100" + 0(Q™/?)),

(6.4.7) (A17Bs — AsB17)? = 5 (Q2 2019/ 1902 ¢ 0(@29/2)) ,
(6.4.8)
2 2 4
% AAs+—" BB = 1+4Q°?+10Q°+20Q"°/2+39Q ' +0(Q>*/?),
(5_\/5134 54_\/5134) Q Q Q Q (Q="7)
and
(6.4.9)

2 2 ?
A1Azq+ ——=DB1Bay | =1+2Q°2+3Q° +4Q"/*+7Q' +0(Q*/?).
(5_\/5 R 34) Q Q" +4Q Q (@™77)

Hence, from (6.4.4), (6.4.6), and (6.4.8),
(6.4.10)

UiVt = 2t Q9 (Q4 £40B/2 £ 10Q° + 16Q%/2 1 270" + O(Q33/2)) 7
and from (6.4.5), (6.4.7), and (6.4.9),
(6.4.11) qUV? = e—th—g/z (QQ + 2Q9/2 +307 + 2Q19/2 +50" + O(QQQ/Z)) )
Hence, by (6.4.10) and (6.4.11),

UV — qU2V? = 2 <Q75 +30Q75/? 48+ 13Q%2 + 25Q° + O(Q15/2)> ’

which, since v = Q°/2, agrees with the asymptotic expansion in (6.4.1).
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6.5. “Proof” of Entry 3.29
Let v = =27 /(230 Then, from (6.1.16) and (6.1.17), respectively, we find that

2 2

(6.5.1) X(=)x(=¢**) = 2exp (—QL& - t) Q+v+o?+20%+-0)

and
2¢2 272 .

6.5.2 P — -t (1=-v— _ )
(652) xCox=) (23t ) (—v=vigui=vie)
Hence, by (6.5.1) and (6.5.2),

(6.5.3)

2 2
X(=a)x(=¢*) +q+ m =t (0T 0+ 20+ 07 + 30 + 30t + ).

Next, we calculate the asymptotic expansions of the products of Rogers—
Ramanujan functions. For the number of correct terms in the first asymptotic
expansion, we need the first two terms from the asymptotic expansion of each of
G(q?) and H(q?). To that end, from (6.1.1), (6.1.2), (6.1.4), and (6.1.5), we deduce
that

G(*)G(@®) + °H(¢*)H (q*) = exp 5ot
6-23t 12

(6.5.4) % <1+Q5+Q10+Q25/2+le+...)7

where Q = 6747{“/(5.23107 and
472 Tt
46 _ 9 46y _ _
G (@) - PG H") = e (15 5~ 15 )
(6.5.5) % (Q1/2 FQU2 Q8 QP2 4B +> .

Thus, (6.5.4) and (6.5.5) yield
{G(*)G(@®) + °H(¢*)H(¢**)H{G(¢*) H(q) — ¢°G(q)H(¢*)}

:exp(l27r2 —t) (1+Q5+Q10+Q25/2+Q15+---)

523t
% (Q1/2+Q11/2+Q8+Q21/2+Q13+'_.)

2 2
(656)  =exp (2—; - t) (14207 + Q"2 +3Q" +3@>2 + .. ).

Since v = Q°/2, we see that the asymptotic expansions in (6.5.3) and (6.5.6) agree
through the terms that have been calculated.

6.6. “Proof” of Entry 3.35

It will be convenient to use the notation of Subsection 6.4. From (6.1.1) and
(6.1.2),

(6.6.1) G(q)G(¢"") +q" " H(q)H (¢"*)

1972 19t 2 2
—exp ——- - ) (——A1Ay + ———B1B
p(3~94t 12)(5_\@ T e e 94)
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and
(6.6.2)
1 4972 5t
NH(P) - PG(PAH () = —= —— — — | (Ay7By — A3By7).
Gl )H(¢") —q"G(q")H(q™") \/gexp<30,47t 12)( 4782 — A3 Buz)

Set Q = e—4m’/(5:94t) Then, from (6.6.1), (6.6.2), (6.1.4), and (6.1.5), we find that
(6.6.3)

{G()G(¢") + ¢ H(9)H(¢"VHG(¢"H (¢*) — ¢°G(¢*) H (¢")}

1 4872 2 2
= ﬁ €xXp (5%75 - Qt) <5\/5A1A94 + 5+\/531394> (A47Bz - A2B47)
— o212 (1+ Q% + Q' + Q' 4202 +20% + 30%° + 3Q% + 40 + - )
% (Q2+Q22+Q32+Q4Q+Q52+.”)
= (Q+Q 7 +1+Q%°+3Q" +3Q" +5Q%° +5Q% +8Q* + ).
Next, by (6.1.16), with v = e~ 27 /(47),

472

47

—q)x(—¢*") =2 - 2t

x(—0)x(—=q"") eXp< 17 )

(6.6.4) X (14v+02+20% +20% +30° + 4% +-.).

We next invoke (6.1.17) to deduce that

2¢* 472
xCox(=¢) ~ P (4_77? - 2t>
(6.6.5) x (1—v—v*4+v? —0®+05 — 0" +20% —20% + 2010 +...).
Hence, noting that v = Q°, we find from (6.6.4) and (6.6.5) that
666) x(-ax(-a") + 2+ L
X(—=a)x(=¢*")

— e Q70— Q0 +2— QP +3Q0 + QY +3Q0% + 307 +6Q% + - )
Furthermore, from (6.6.4), (6.6.5), and Mathematica,
(6.6.7)

8q*
X(=@)x(—¢*")
X /4 — 4v + 92 — 403 + 120 + 405 + 1206 + 1207 + 2408 + 1609 + 40010 + - - -
=e (2077 - 142Q° +2Q" +2Q%° +20% +2Q°° + ) .
Adding (6.6.7) and (6.6.8), we conclude that
(6.6.8)

Q\/4X(Q)X(q47) +9¢ + =e2Q?

2q4 8(]4

47 2

X(—)x(=¢") 20"+ ————= + a1 [ X (—)x(—¢*T) + 9¢° + ———=

(ax(~") X(=a)x(—¢*7) \/ (=a)x(=¢%) x(=a)x(=¢*")
— 67225 (Q*lO + Q75 14+ Q5 4 3Q10 + 3@15 4 5Q20 + 5@25 4 8Q30 4. ) .

Noting that (6.6.3) and (6.6.8) agree to the number of calculated terms, we conclude

our asymptotic “proof” of Entry 3.35.



CHAPTER 7

New Identities for G(q) and H(q) and Final
Remarks

For proofs of the following three theorems giving new identities for G(¢) and
H(q), see [9].

THEOREM 7.1. We have
G(=*)G(¢*) = *H(=¢*)H(¢*) _ G(¢*)H(q") — ¢°G(¢*)H (¢*)
G(q'"?)H(¢®) — ¢*°G(¢*)H(¢"?)  G(¢*)G(=¢*) — ¢®*H(¢?)H(—¢%)

(71) _ G H(¢") —’G(a)H(¢?) _ x(=¢*)
' G H(—q) + ¢®G(—9)H(¢"%)  x(—¢°®)
and
{G9G(—¢ )—q4H H(—¢")} {G(-9)G(¢") — ¢*H(—q)H(¢") }
= {G(¢")H(¢") - "G} {G((") - ¢"H(¢")G(q)}

(72)  =G(@)G(¢*) + qSH(qz)H(qg’S)-

THEOREM 7.2. Let

(7.3) B(q) := G(¢")H(—q") + q¢G(—q")H(q"?),

(7.4) Clq) == G(q)G(¢*) + ¢'"H(9)H(¢*),

(7.5) V(g) = H(—q)G(¢*") + ¢*G(—q)H (¢*"),

(7.6) W(q) == G(¢")G(¢*") + ¢’H(¢")H(¢*"),

(7.7) Z(q) :== H(¢*)G(¢*®) — °G(¢*)H (¢*®),

(7.8) Y(q) = G(¢*)G(=q") — *H(¢*)H(—q").

Then,

(7.9) Cl¢*) _V(=¢®) _Cla _ f(=a")f(=¢")
Y(-¢*) B(-¢*) Blg) f(=¢*)f(=¢*)

and

(7.10) Z(-q) _ Z(@) _Y(®) _ Z(¢*) _ f(=¢")f(=¢")

Wie)  W(-q) W) V(@) (=)=
S.—S. Huang [19] derived an identity that belongs to the same class of identities

as those in Theorem 7.2, but is different from any identity in (7.9) or (7.10). Huang
expressed

{G(aHG(@™) + ¢ H(gYH(¢* Y HG(@)G(¢™) + ¢'TH(a) H(4™)}
in terms of two quotients, each with 14 functions of the form f(—g¢").
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THEOREM 7.3.
G(Q)G(=¢") —’H(q)H(=¢"") _ G(¢*)H(q) —q" H(¢*°)G(q)
G(aNH(=¢*) +qH(¢")G(=¢*)  G(¢")G(¢®) + ¢*H(q")H (¢®)
(7.11) _x(=¢") _ G)G(™) +*H(g)H(q™)
x(=¢*)  G(=q¢")H(¢®) +qH(=q")G(¢?)

Besides the isolated identity found by Huang [19], we know of only two further
sources of new identities for G(q) and H(g) in the literature that are in the spirit of
Ramanujan’s identities. The first are found in an unpublished doctoral dissertation
by S. Robins [30]. His 13 new identities are associated with modular equations of
degree not exceeding 7 and were proved using the theory of modular forms. The
second group were found by M. Koike [22]. He discovered them using Thompson
series and a computer, but he did not prove them.

One might ask if comparable identities hold for functions similar to the Rogers—
Ramanujan functions. Indeed, Huang [19] has derived several identities of this type
for the Gollnitz—Gordon functions, and Baruah and Bora [3] have found further
identities for these functions. H. Hahn [17] has derived a large number of identities
for septic analogues of the Rogers-Ramanujan functions.
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