CONVOLUTION SUMS OF SOME FUNCTIONS ON DIVISORS
HEEKYOUNG HAHN

ABSTRACT. One of the main goals in this paper is to establish convolution sums of
functions for the divisor sums 75(n) = Z:dln(—l)”l_lds and o4(n) = de(—l)%_lds,
for certain s, which were first defined by Glaisher. We first introduce three func-
tions P(q), £(q), and Q(q) related to (n), d(n), and g3(n), respectively, and then
we evaluate them in terms of two parameters x and z in Ramanujan’s theory of el-
liptic functions. Using these formulas, we derive some identities from which we can
deduce convolution sum identities. We discuss some formulae for determining r4(n)
and d5(n), s = 4, 8, in terms of 5(n), o(n), and g3(n), where r4(n) denotes the num-
ber of representations of n as a sum of s squares and ds(n) denotes the number of
representations of n as a sum of s triangular numbers. Finally, we find some partition
congruences by using the notion of colored partitions.

1. INTRODUCTION

In his famous paper [21], [22, pp. 136-162], Ramanujan introduced the three Eisen-
stein series P(q), Q(q) and R(q) defined for |¢| < 1 by

(1.1) P(q):=1-24) o(n)q",
(1.2) Qg) :=1+240> o3(n)q",

(1.3) R(q):=1-— 504205(71)97",

where for s,n € N,
oi(n) =) _d’.
din
As usual, we set 01(n) = o(n) and o4(n) = 0 if n ¢ N. Ramanujan also proved that
(1.1)—(1.3) satisfy the differential equations [21, (30)], [22, p. 142]

AP _ Pa) — Q)

(1.4)

dq 12 ’
(1.5) qdi?l;@ _ P(Q)Q(q?)) —R(g).
(1.6) dR;EIQ) P(Q)R(Q; - Q*(q)
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After rewriting (1.4) as

(17) P - Qo) + 12002,

and equating the coefficients of g™ on both sides, we obtain the arithmetic identity

(1.8) 12) "~ a(m)a(n —m) = bos(n) — (6n — 1)o(n).

m<n

Likewise, from (1.5), we obtain

(1.9) 240 Z o(m)osz(n —m) = 2los(n) — (30n — 10)o3(n) — o(n).

m<n

Ramanujan recorded nine identities of the type (1.8) and (1.9) in his notebooks. The
history of the convolution sums involving the divisor function o4(n) goes back to
Glaisher [8], [9], [10]. A most comprehensive treatment of these identities is given
in the paper [12]. In their paper [12], Huard, Ou, Spearman and Williams prove many
such formulae in an elementary manner by using their generalization of Liouville’s clas-
sical formula given in [17]. Recently, Cheng and Williams [5] found further convolution
sums of the type

> o(4m = 3)o(4n — (4m — 3)) = 4o3(n) — 403(n/2).

m<n

Now define two functions on which we focus in this paper by, for s,n € N,

(1.10) Gun) = S (=),

dln

(1.11) Gu(n) = (1) 'd,

dln

where we set 01(n) = a(n), o1(n) = o(n) and o4(n) = ds(n) = 0 if n ¢ N. The
origin of these functions goes back to Glaisher. In his paper [9], Glaisher defined seven
quantities which depend on the divisors of n, including (1.10) and (1.11), and studied
the relations among them. He also found expressions for all seven functions in terms
of o4(n). For instance, the functions d¢(n) and o4(n) have the formulae [9]

(1.12) os(n) = o4(n) — 2oy (n/2),
(1.13) os(n) = os(n) — 204(n/2).

From the relations (1.12) and (1.13), it is clear that, for all n > 0,
(1.14) gs(2n+1) =0,2n+1) =0,(2n + 1).

One of our goals in the present paper is to establish convolution sums involving o,
and o, for certain s. So we need to define three functions related to (1.10) and (1.11)
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by, for [q| <1,

(1.15) Plg) =1+ Siﬁ(n)q”,
(1.16) E(q) =1+ 24§a(n)q",
(1.17) Qg) :=1— 16253(71)(]”.

Analogous to (1.4)—(1.6), our three functions (1.15)—(1.17) satisfy the differential equa-
tions [11], [19], [20]

dP(q) _ P*(q) — Qq)

(1.18) & - |
(1.19) qdrfd;Q) _ 5(Q)P(q2) — Qo).
(1.20) q%;q) = P(g)Q(q) — £(q)Q(q).

If we define the related series analogues to [5]

o

(1.21) Pralg) = 520 +r)g"", r=0,1,

n=0
oo

(1.22) Ea(g) =) F@2n+r)g™"", r=0,1,

n=0

(1.23) Q,2(q) = Z a3(2n +1r)g*", r=0,1,

n=0

then we find many identities involving the series P,.2(q), &-.2(q), Qr2(q), and the func-
tions P(q), £(¢), and Q(q).

In Section 2, we evaluate (1.15), (1.16), (1.17), (1.21), (1.22), and (1.23) in terms
of two parameters x and z in Ramanujan’s theory of elliptic functions. Using these
formulas, we derive some identities involving Ramanujan’s theta functions. In Section
3, we find representations for certain infinite series related to P(q), £(¢), and Q(g). In
Section 4, using the evaluations we obtained in Section 2, we derive convolution sums
of (1.10) and (1.11). In Section 5, we discuss some formulae for determining rs(n) and
ds(n) in terms of o4(n) and o4(n), where ry(n) denotes the number of representations
of n as a sum of s squares and ds(n) denotes the number of representations of n as a
sum of s triangular numbers. Finally, we find some partition congruences connected
with g4(n) and 4(n) by using the notion of colored partitions.
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2. EVALUATIONS AND IDENTITIES INVOLVING RAMANUJAN’S THETA FUNCTIONS

To derive the desired identities, we need to use evaluations of theta functions [3, pp.
122-138] to determine the quantities P(q"), £(¢"), Q(q"), P(—q), £(—q), and Q(—q),
r=1,2.

It
(2.1) y= 2P Gl -2) 2| < 1
2 F (%,%;Lx) 7 ’

where o F} denotes the Gaussian hypergeometric function, the evaluations are given in
terms of, in Ramanujan’s notation,

11
(2.2) 2= 9F) (5,5;1;1')
and z. The derivative y’ is given by

dy 1
2.3 Y- .
(2:3) dx (1l —x)z?
see, for example, Berndt’s book [2, p. 87]. The function z := o F} (%, %; 1;1’) satisfies
the differential equation [3, p. 120]
Pz z (1—2z)dz

dz2 4x(1—z) z(1—=x)dz

From now on, we will denote

(2.4)

q:=e Y.
Ramanujan’s theta functions ¢(q), ¥(q), and f(—q) [3, Entry 22, p. 36] are defined,
for |q| < 1, by

e}

(2.5) ola) =3 ¢ = E;q;qQ)oo(QQ;qQ)oo

q2>00(_q2§ (]2)007

2.6 — S n(nt1)/2 _ m
0 vl ;q (6%’
(2.7) fl=q) = Y (=1)"¢"*" 2 = (g;q)w,

where, as usual, for any complex number a, we write
(@5 0)e0 = [J (1 — aq”).
n=0
Here, the product representations arise from the Jacobi triple product identity [3, Entry
19, p. 35]. In the following lemma, we list the evaluations of the theta functions in
terms of x and z [3, Entries 1012, pp. 122-124], which we will employ in a majority
of our proofs.
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Lemma 2.1. Ify and z are defined by (2.1), (2.2), respectively, and ¥ (q), v(q), and
f(—q) are defined by (2.5), (2.6), and (2.7), respectively, then

(2.8) v(q) = V2,

(2.9) p(—q) = (1 —x)"*V/z,

(2.10) ¢ p(q) =277 B/z,

(2.11) ¢"P(g?) =27z,

(2.12) 1/24f( ) = 1/6( )1/%1/24\/2

Using these evaluations, we obtain formulas for P(q), £(q), and Q(q).
Theorem 2.2. Ify and z are defined as in (2.1) and (2.2), respectively, and q :== eV,

then
(2.13) Plq) = 22(1 — ) + 4a(1 — x)z%,
(2.14) E(q) = (1 +x)

(2.15) Q(q) = 2*(1 — x)%

d 1 — o2
= 1=87 Los Ul T—c @iy
= 8 Log{e/Mu(e )}

dy ’

where we use the infinite product representation of (e ) in (2.6). If we employ
(2.10) and (2.3), then we find that

P(q) = 8z(1 — x)zzdiLog{Z_l/Q\/Exl/g}

dz
1-— 4a(1 — —
( x) + da( x)zdx

Proof of (2.14). In the derivation below, we employ (2.12) and (2.9) to find that
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_yuf(=e™Y) }
p(—ev)
Again using the evaluations (2.9) and (2.12) and applying (2.3), we find that

= —24dilyLog {e

E(q) = 24x(1 — x)z2%Log{2_1/6(1 — )TV
= 2*(1+2),
which completes our proof.
Proof of (2.15). From (1.18), we have

dP(q) _ P*(q) — 2q)
q dq 4 ’
Thus, by the chain rule, we deduce that

dP(e) _ Q™) ~ PHe)

dy 4
Moreover, by (2.3), we derive that
dP(e™) _ 1 dP(e™Y)
dx r(l—2)22 dy
Hence,
(2.16) —z(1 — x)2? dple7r) _ Qle™) = Pz(e_y).

de 4
Thus we see that we can determine Q(e™Y) from (2.13) and (2.16). Using (2.13) and
the hypergeometric differential equation (2.4), we find, upon direct calculation, that

dP(e7¥) dz dz\’
(2.17) i 2(1 — x)z% +4x(l — x) <%) .
Thus from (2.13), (2.16), and (2.17), we see that
2
Q(q) = Q(e™) = {(1 — )2 + 4a(1 — x)z%}

st = 2)22 4201 — 2): P 4 da(1 -2y (22 2
—dx(l —2)z —x)z— — — .

dx dx
Upon simplifying, we reach the desired conclusion.

Before proceeding further, we briefly mention the procedure [3, p. 125], called du-
plication, in the theory of elliptic functions. If

(2.18) Qx, e, 2) =0,
and 2’, ¢/, and 2’ is another set of parameters such that

Q' e™,2') =0
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and
4+/x'
r=—"—"-"
(1+va')?
then we can deduce the “new” formula
2
1—+1-— 1
(219) Q ((ﬁ) 76_23/’ 52(1 -+ V 1-— I‘)) = 0,

from the “old” formula (2.18). This process is called obtaining a formula by duplication.
We will use this procedure in many proofs.

Applying the process of duplication to (2.13), (2.14), and (2.15), we obtain

(2.20) P(q?) = 2*(1 — x) + 22(1 — x)z%,
(2.21) £(¢%) = (1 - 5o),
(2.22) Q(¢*) = 2*(1 — x).

Berndt [3, p. 126] has also described the process of obtaining a new formula from
(2.18) by changing the sign of ¢. If (2.18) holds then the formula

(2.23) 0 (x v - —q. zm) —0

also holds. This result is attributed to Jacobi by Berndt [3, p. 126].
Applying Jacobi’s change of sign procedure to (2.13), (2.14) and (2.15), we deduce
that

(2.24) P(—q) = 2*(1 — 2z) + 4x(1 — z)z%,
(2.25) E(—q) = 2*(1 — 22),
(2.26) Q(—q) = 2%

Simple calculations analogus to [5] show that
(2.27) Puala) =55 (— 2+ Pla) + P(0))
(2.28) P1a(a) =35 (Pla) = P(~a).
(2.29) €0,2(q) 24—18( —2+&(q) +£(—q)),
(2.30) &1,2(q) 24—18 (E(a) - £(—a)),
(231) Q0:(a) =55~ 2~ Q) ~ Q(~0)),
(2.32) Q11(q) 23—12( — Q(q) + Q(—q))
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Using (2.13)(2.15) and (2.24)-(2.26), we obtain the evaluations of the series P, 2(q),
&Er2(q) and Q,5(q) as follows:

Theorem 2.3.
1 d
(2.33) Po2(q) :1—6( — 24 (2—32)2% + 8x(1 — ZU)Zd_;)v
1
(2.34) P12(q) :1_6x22’
1
(2.35) Eoalq) =pg( =2+ (2 - 2)27),
1
(2.36) E12(q) =777
(2.37) Qo2(q) =3—12 (2-(2-22+2%)2"),
1
(2.38) Qi1.2(q) :ﬁx@ —x)2".

We note a few results which are used in the next section. Using (2.3) and ¢ :=e™Y,
we have

1 dgq dy 1
gdv ~ dr ~ a(1—2)2
so that
dg 9
de  x(1—x)2%
From (2.4), (2.13), and (2.39), we obtain

dP(q) L@

(2.39)

d
dq =
(21— )+ da(l — 1))
gv(l—qm)z2
=2+ (6= 100)28 + da(l — ) () + da(l - x) 2Lz
U’(/‘(l—qac)z2
_ (2 — 21‘)23—; +4x(1 — $)(§—fc)2
gv(l—qm)z2
so that
dP d dz\?
(2.40) q% = 2x(1 — $)223£ + 41‘2(1 — x)222<£) .

Similarly, from (2.4), (2.20), and (2.39), we obtain

dP(¢*)  z(l—xz)z* 5 gdz 5 5 o dz\2
(2.41) g = S 20(1—a)? 4 2021 — )% (dx) .
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In a similar manner, we find that

d€(q) 5 dz
q—

(2.42) i 2(1—2)2" +22(1 — 2)(1 + 2)2° I
(2.43) qd‘ig] ) _ —M +a(l—a)(2 - x)z?’j—;.

Next, using Lemma 2.1 and using (2.13), (2.14),(2.15), (2.20), (2.21), (2.22), (2.24),
(2.25), and (2.26), we obtain the following identities.

Theorem 2.4. Recall that P, £, and Q are defined by (1.15), (1.16), and (1.17),
respectively, and that (q) and ¥(q) are defined in (2.5) and (2.6), respectively. Then

2.44) QAq) = ¥*(—9),

(

(2.45) 169%(¢%) + ¢"(q) = €(q),

(2.46) 28(q°) + €(q) = 3¢"(q),

(2.47) " (9)€(q) + Q(¢*) = 2¢%(q),

(2.48) E(q) — E(q°) = 24q¥*(¢?),

(2.49) Pq) — P(—q) = 16q0*(¢*),

(2.50) Q(q) + Q(—q) = 32q(8¢°*(¢°) — ¥°(q)),
(2.51) E%(q) — Q(q) = 641 (q).

Proof of (2.44). The result is clear from (2.9) and (2.15).
Proof of (2.45). The equality
1604(¢*) + ¢'(q) = 22" + 2 = (1 + 2)2% = E(q)
follows from (2.8), (2.11) and (2.14).
Proof of (2.46). Employing (2.14) and (2.21), we have
28(q%) + E(q) = 322
So the proof is completed by using (2.8).
Proof of (2.47). By (2.8), (2.14), and (2.15), we find that
P (@)E(a) + Qle") = 2" (1 +2) + 2/ (1 — 2) = 22" = 2¢%(q).
Proof of (2.48). By using (2.14), (2.21), and (2.11) we obtain

E(q) —E(q*) = gxz2 = 24q9"(¢%).
Proof of (2.49). From (2.13) and (2.24), we find that
Plg) = P(—q) = (1 —2)2* — (1 - 22)2" = 22" = 16qY"(¢*).
Proof of (2.50). By the definition of Q, we obtain

1 1
_ )3g2n1
Qlg) + Q= __162 (1_q2n—1+1_|_q2n—1>
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2 _ 1 3 .2n—1
_ 322 T;_QM — = 320(80°(¢°) — ¢°(a)),

where we use Example(ii) in [3, p. 139].
Proof of (2.51). From (2.14) and (2.15), we see that

E%(q) — Q(q) =daz* = (1—16:B22) (6427)
=(q¥"(¢*)) - (640" (a)),

where the last equality follows from (2.8) and (2.10). After employing the fact [3,
Entry 25, p. 40]

() () = ¥*(q),

we achieve the desired result.

3. REPRESENTATIONS OF CERTAIN INFINITE SERIES

In this section, we derive some representations of the infinite series connected with
the functions P(q), £(¢), and Q(q).

Theorem 3.1. We have

(3.1) 1—242# (1-22)2"

+1
Proof. From (2.14) and (2.21), we find that
(3.2) 28(¢%) — E(q) = 2(1 — ;)z — (14 a2)2 = (1 - 22)22

On the other hand, by the definition of £(g) in (1.16), we know that

26(%) — €(g) = 2(1+ 24 f: T )= (12 i o )
n=1 n=1

= 2n 2n on —1
- 1+24Z €2ny_|_1 _24; <€2ny+1 + e(2n—1)y_|_1)

O

Remark. We can compare this result with some of the results in [3, Entry 13, p. 127].
For example [3, (viii)], we have

= (1+z)2?
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By using the representations for P(q), Q(q) and R(q) and their algebraic relations,
Berndt [3] also lists further representations, such as

(3.3) 1+8§:w = (1—2)(1 — 2?25,
— e 1
(3.4) 17 — 322(—627"_—11717 =(1—2)*(17 — 22 + 172%)2°
(3.5) 1+8Z 62 _1 1-:1:)(1—%9;)26,
(3.6) 17 — 32 Z 62”y — = (1—0)(17 172+ 21%) 28

Theorem 3.2. We have

(3.7) 3 % :%:::(1 —2)2,
(3.8) S (Slrlli# —%x(l — (1 — 20)2
(3.9) f: U707 1@ - 17 4 178

smh(ny) 16

n=1

Proof. We use the elementary fact

1 1 x 1
3.10 _ _ _ .
( ) r—1 22—-1 22—-1 ax—2z71

To prove (3.7), we simply use the definition of Q and (3.10) to obtain

00 (_1>n—1n3 B 1 » oy B 1 4
;m ——1—6{Q(6 )—Qe™)} = Ex(l—x)

where we used (2.15) and (2.22) in the last equality. For (3.8), by (3.10), the sum to
be evaluated is equal to

n 15 1 0 (_1)nn5 0 (_1)nn5
R (G DR (W)

o0

n:l

1 2\ _6 1 6
= §{(1 —z)(1—2%)2" - (1—2)(1 — §I)Z }
1

= gz)s(l —x)(1 —22)2°

where we employ (3.3) and (3.5) to derive (3.8). In a similar manner, we can deduce
(3.9) by using (3.10) and applying (3.4), (3.6). O
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Applying the duplication process to (3.7)—(3.9), respectively, gives

(3.11) i CEDve? 1 1—2(1 —V1—a2)%*
' “— sinh(2ny) 32 ’

(3.12) nz::l % :6%1 T—2(1—V1—2)%x—2+6V1—1x)°

(3.13) > % :5—12(1 —2)(1 = V1 —2)*(76v/1 — 2z — 30(2 — x) + 2%)2".

Remark. We can compare the above results with some results in [3, Entry 15, p.
132]. For example, Berndt proved that

o 3

Z n 1 4
— = —x2".
sinh(ny) 8

n=1

4. SOME CONVOLUTION SUMS OF d4(n) AND 04(n)

We begin this section by recalling again the three differential equations satisfied by
P(q), £(q), and Q(q):

(4.1) 2P _ P?(q) — Qla)

dq 4 ’
(4.2) qdiéq) _ 5(@1)7’(612) - Q(Q)’
(4.3) q%éq) =P(9)Q(q) — €(¢)Q(a)-
It is then easy to show that the following convolution sums follow from (4.1)—(4.3).
Theorem 4.1.
(4.4) 43 " 5(m)5(n —m) = —53(n) + (2n — 1) (n),
(4.5) 24 " G(m)&(n — m) = —205(n) + (6n — 3)5(n) — 5(n),
(4.6) 16 Z (a(m) — 35(m))oz(n —m) = 2noz(n) + a(n) — 35(n).

Proof. We can rewrite (4.1) as

Pa) = Qo)+ 1452,

Then we have

(4.7) (1 +8) 5(n)q") = (1 —16) &3(n)q"> +32) na(n)q".
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Equating the coefficients of ¢ on both sides of (4.7), we obtain (4.4). In a similar
manner, the remaining two convolution sums (4.5) and (4.6) can be derived from (4.2)
and (4.3), respectively. O

It naturally arises to question the evaluation of the sum
> G(m)a(n —m),
m<n

which will be mentioned in the following theorem.

Theorem 4.2.
i ap ) =36(n) 4 303(n), if nis odd,
(4.8) 36 Z; a(m)a(n—m) = { —30(n) — bos(n) +403(n/2), if nis even.

Proof. By using (2.14), (2.15), (2.22) and (2.38), we can easily derive the identity
E(q) = 2" (1+2)”
=24(5(1 —2)* —4(1 — 2) +42(2 — 2))
=5Q(q) — 4Q(¢") + 128Q12(q)-

Equating coefficients of ¢™ gives the desired evaluation. O

Remark. We point out that certain of the convolution sums considered here can be
evaluated from known results in an elementary manner. For example, by using the
relation (1.13), we have that

Y a(m)an—m) =Y (o(m) —20(m/2))(o(n—m) —20((n —m)/2))

= Z o(m)o(n —m) — 2 Z o(m/2)a(n —m)
—2> o((n—m)/2)a(m) +4>_ a(m/2)o((n—m)/2)

=A(n) —4B(n) + 4A(n/2),

where

and

B(n)= Y o(m)o(n—2m).

m<n/2

The values of A(n) and B(n) are given in [12].
Theorem 4.3.

(4.9) 16 Y G(m)gs(n —m) = —55(n) + 2(n — 1)53(n) + 5(n).

m<n
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Proof. From the differential equation (4.3), we find that
(4.10) 1+820’5 n)q" = &E(q)Qq) = P(9)Qa) —4——

where the second equality comes from [11, (2.2.8)]. So we complete the proof by
equating the coefficients of ¢" on both sides of (4.10). O

Remark. Note that the identities (4.4) and (4.9) are analogues of the identities (1.8)
and (1.9), respectively, which we mentioned in Section 1. The identity (4.4) was also
proved by Glaisher [9] by theory of the elliptic functions.

Using the formulas given in Section 2, for r # s and r, s € {1,2}, we determine the
products P(q")P(q*) and P(q")E(¢®) as linear combinations of Q(q), Q(¢?) and the
derivatives of P(q), P(¢?), £(q), and E(¢?).

Theorem 4.4. We have

4 PP = Q)+ D 4 2T,
(412)  Pg*)E(q) = Qq*) + %(qdig@ +2¢ d( >) (quEIQ) - 2qu£ >),
£(?)

113 P@E) = 5(60) - Qo) + 2%

We just give the proof of (4.11), since the remaining proofs are similar.
Proof of (4.11). By (2.22), (2.40), and (2.41), we have

dP(q) dP(q?)
dq + 2¢q dq

dz dz\?2
(1 o)A 2.3 201 _ 12,2
=(1—x)2" +22(1 —x2)°z T +42°(1 — x)°z <d1’>

2 302 2 2 22
: dx+4x (1—a)z (dx)

=(1 —2)%2* + 62(1 —x)2z3;l—z + 82%(1 — x)222<;lz>
x x
=P(a)P(q*),

where we simply calculate the product of (2.13) and (2.20). This completes the proof
of (4.11). The remaining formulas can be proved similarly.

Equating the coefficients of ¢" on both sides in the three identities in Theorem 4.4,
we obtain the next theorem.

Theorem 4.5. We have

Q(q*)+q

— (1 —x)2* 4+ 4a(1 — z)

(4.14) 8 Y G(m)5(n—2m) =—55(n/2) + (n — 1)5(n) + (2n — 1)5(n/2),
m<n/2
(4.15) 24 Y G(m)F(n —2m) = — 255(n/2) + (2n — 3)5(n) + 4n5(n/2)

m<n/2
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+no(n) — (2n+ 1)a(n/2),
(4.16) 24 Z a(m)a(n —2m) =o3(n) — 303(n/2) + (6n — 3)o(n/2) —a(n).

m<n/2
The next theorem shows that for » € {0,1} and s € {1, 2}, the products of the form
Pr2(q)(—1+P(¢%)) and &.2(q) (— 1+ P(¢°)) can be expressed as linear combinations

of P(q), P(¢%), £(q), £(¢%), Q(q), Q(¢?), and the derivatives of P(q), P(¢?), £(q), and
E(¢?). A MAPLE program was run to determine the identities.

Theorem 4.6. We have

(11T Posla) (— 1+ Pla)) =5 + 1(Q0a) + Qe?) — 57 (E(a) —~ TE(¢?)
Ly ooy, 1 dP(q) 1/ &(q &)
5P+ 50—l )
(118) Pusfa)(~ 1+ Ple")) =5 + Q") — 3P() + (")
Lo Ple) Pl _ 1/ E&a@  , E@)
+E<q dq 64 dq >_@<qd—q+2q dq >’
(119)  Poala)(~ 1+ P(a)) =3(Q(a) ~ Q") — 5 (E() ~ ()
1 &a) &)
* E( dg ¢ dq )’
(420) Prala)(~ 1+ P() =57(E) - ) + 57 (652 - FL)),
(121) ()~ 1+ P(a)) =55 +1(Q(?) ~3Q(a)) — 5;Pla)
1 2 1 E(¢°)
—5,60@) — 154 i
(422) Euala)(— 1+ P(P) =7 + 57(Q6") ~ P() — () + 51 .

Again we just give the proof of (4.17), since the remaining proofs are similar.
Proof of (4.17). By (2.15) and (2.22), we have
Q(q) + Q(¢%) = 22" — 3w2* + 222,
and from (2.14) and (2.21),

E(q) —TE(¢%) = —62* + g:)szz,
and from (2.42) and (2.43)

2
fla)  Ea) 1 Loy - x)z?’j—i +2%(1 - x)z

5dz
qdq a dg 2 2

%.
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Therefore by (2.20), (2.40), and the previous three equalities, we finally obtain

L L0 + Q) - 5 (@) - 7E) - Pl
1 dP(q) 1/ &@q) &)
+§q—dq - E(qd—q+q dq )
— % + 1—16(2,24 — 3zt + 2%2) — 2—14(—622 + 29322)
—% ( (1—2)+22(1l—2)z ZZ)

D (2xz 50 +4z(1 —x)z ot (1—2x)z T
1 1 d 1 5 d
=3~ 122 + 1—6xz2 —z(l — x)zd—; + =2t — Exz +z(l — x)zsé
3 5 sdz d
+ 1—655224 — 3¢ 2(1 — )2 . +2 < (1— x)zd—;)

Equating the coefficients of ¢" on both sides of the six formulas in Theorem 4.6, we
obtain the following convolution sums.

Theorem 4.7. We have
(4.23) 8 Z a(2m)a(n — 2m) = —a3(n) — o3(n/2) + 4no(n) — 45(n/2)

m<n/2
—(2n+1)o(n) + (2n+ 7)a(n/2),
(424) 8 ) F(2m)5(n/2 - m) = —205(n/2) +n/25(n) + (3n — 3)5(n/2)
m<n/2

—n/20(n) — (n —3)o(n/2),
(425) 8 > F(2m—1)5(n— (2m —1)) = —53(n) + 53(n/2)

m<(n+1)/2
+ (2n —1)o(n) — (2n — 1)a(n/2),
(4.26) 8 Z a(2m—1)o((n+1)/2—m) = (n—1)a(n) — (n —1)a(n/2),

m<(n+1)/2

(421) 8 S GEm)F(n—2m) = %53(n) _54(n)2) + (20— 1)5(n/2),
m<n/2

(128) 8 Y G@m)a(n/2 —m) = —%53(71/2) - %5(71/2) (= 1)5(n/2).

m<n/2
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5. ON THE REPRESENTATIONS OF INTEGERS AS SUMS OF SQUARES AND
TRIANGULAR NUMBERS

It is immediate from the definitions of ¢(¢) and ¥ (q) in (2.5) and (2.6), respectively,
that if

(5.1) p(q) =Y _rin)g
and
(52) Vi(g) =Y bi(n)g

then 74(n) and ds(n) are the number of representations of n as a sum of s squares
and s triangular numbers, respectively. Clearly 75(0) = d5(0) = 1. Here, for each non
negative integer n, the triangular number T, is defined by

n(n+1)
—

By using the representations and identities derived in Section 2, we find expressions
for r5(n) and d4(n), s = 4,8, as sums of our functions a(n), d(n), and g3(n).

T, =

Theorem 5.1. For each positive integer n, we have

(5.3) rq(n) =160(n/2) + 87 (n),
(5.4 ) =c(2n + 1),

) d4(n
(5.5) rg(n) =16(—=1)""'53(n)
(5.6) 805(n) =&3(n + 1) — F3(2(n + 1)).
(

Proof of (5.3). The identity (2.46) is equivalent to the identity

(5.7) 3Zr4 n)q" _482 q2"+24z

The identity (5.3) follows after equating the coefficients of ¢™ on both sides of (5.7).
Proof of (5.4). By (2.28) and (2.49), we have

(5-8) @WH(q”) = Pra(a).

Hence we have

qf:(h(n f:a on + 1)g*,
n=0 n=0

which is the identity (5.4).
Proof of (5.5). It is clear from (2.26) that

(5.9) rs(n)g” = =16 G3(n)(—q)".
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Proof of (5.6). From (2.11), (2.22), and (2. 37) we have
SPU) = 15— 15906 — Qoala).

Hence we derive

(5.10) 8258 n—1)g Zo—g M= G5(2n)¢?

Equating the coefﬁments of ¢" on both sides of (5.10), we obtain the desired result.

Remarks. Jacobi [13, 14, 15] showed that 74(n) is 8 times the sum of the divisors of
n that are not multiples of 4, that is,

(5.11) ry(n) = 8(o(n) —4o(n/4)).

Many proofs of (5.11) have been given; see for example [1], [4, p. 15]. Spearman and
Williams [24] gave the simplest arithmetic proof of this formula. If we use o(n) =
o(n) — 20(n/2) from (1.13), then we note that our expression for r4(n) in (5.3) is the
same as (5.11). By the fact (1.14), we can express (5.4) as

(5.12) da(n) =o(2n+1).

The formula (5.12) is proved in an elemantary way [12, Theorem 10}, and in using
modular forms [18, Theorem 3]. The evaluation of d4(n) goes back to Legendre [6],
[16]. The formula (5.5) first appeared implicitly in the work of Jacobi [14], and explicitly
in the work of Eisenstein [7]. Williams [25] gave an arithmetic proof of this formula by
showing that
rg(n) = 1603(n) — 3203(n/2) + 25603(n/4).

Using the theory of modular forms, Ono, Robins, and Wahl [18, Theorem 5] derive a
formula for dg(n), namely

(5.13) ds(n) =o3(n+1)—o3((n+1)/2).

Formula (5.13) is also proved in an elementary way in [12, Theorem 12]. It is not hard
to show that (5.13) is the same expression as (5.6). From (1.12), we deduce that

(5.14) o3(n) = o3(n) — 1603(n/2).
Then
8ds(n) =o3(n + 1) — 03(2(n + 1))
=o3(n+ 1) — 1603((n 4+ 1)/2)

— (03(2(n+1)) — 1603(n + 1))
(5.15) =8(o3(n+1) —o3((n+1)/2)),
where in the last equality, we use the identity
(5.16) 03(2n) = 903(n) — 8o3(n/2).

The identity (5.16) can be proved by letting n := 2N, N is odd, and then by consid-
ering the cases, a = 0 and a > 0. After dividing both sides of (5.15) by 8, we have the
desired identity (5.13).
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6. SOME PARTITION CONGRUENCES

If r is a non—zero integer, we define the function p,.(n) by

(6.1) > pe(n)g =[] -q")"

Note that p_;1(n) = p(n), the ordinary partition function. A positive integer n has k
colors if there are k copies of n available and all of them are viewed as distinct objects.
Partitions of positive integers into parts with colors are called colored partitions. For
example, if 1 is allowed to have 2 colors, say r(red), and g(green), then all colored
partitions of 2 are 2,1, + 1,,1, + 1,,1, + 1,. Letting p.,(n) and p,,(n) denote the
number of r—colored partitions into an even (respectively, odd) number of distinct
parts, it is easy to see that

(62) pr(n) = pa,r(n) — Do,r (n>7

when 7 is a positive integer.
We prove a congruence for the function p(n) which is defined by

(6.3) > um)g" =] =g — >

It follows that

(6.4) pn) = pre(n) = po(n),
where p.(n) and p,(n) are the number of 16-colored partitions into an even (respec-

tively, odd) number of distinct parts, where all the parts of the latter eight colors are
even.

Theorem 6.1. If u(n) is defined by (6.4),
p(3n — 1) =0 (mod 3).
We generally denote by .J an integral power series in ¢ whose coefficients are integers.
Proof. 1t is obvious from (1.16) that
E(q) =143
Also n3 —n = 0(mod 3), and so, from (1.15) and (1.17), we obtain
Qq) = Plq) +3J.
Hence

(E%(q) — 2(9))Q(q) = (E(9)(1+3J) — (P(q) +3J))Q(q)
(6.5) = E(q)Q(q) — P(q)Q(q) + 3J.

By (2.44) and (2.51), we find that

(6.6) (E%(q) — Q(q))Q(q) = 64g°(q)¢"(—q) = 64g H (1—¢"%1—¢™?,
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where the last equality comes from the fact [3, p. 39]

e(—q)v(q) = f(—0) f (=),

where f(—gq) is defined by (2.7). On the other hand, observe that, from (1.17) and
(1.20),

(6.7) 163 ndn)a” =~ 722 = £(0)Q0) — P0)2la)

In summary, by (6.5), (6.6), and (6.7), we conclude that
(6.8) 64> p(n)g" = 1627103 n)q" + 3.J.

But the coefficient of ¢3" on the right side of (6.8) is a multiple of 3. So we obtain
p(3n — 1) = 0 (mod 3).

O
Secondly, we prove a congruence for the function v(n) which is defined by
(6.9) > vt =[]0 =)+ ¢
n=0 n=1

Thus v(n) is the number of partitions of n into 16 colors, 8 appear at most once (say
S1), and 8 are even and appear at most once (say Ss), weighted by the parity of colors
from the set S,.

Theorem 6.2. If v(n) is defined by (6.9), then
v(n —1) = g3(n) (mod 3).
Proof. Recall from (2.51) of Theorem 2.4 that

(6.10) £ (q) — —64H 2n1 —64qH1—q B(1 4 ¢M),
where, in the last equality, we used the fact [3, (22.3)]

[Ta+e)=T[a -

n=1 n=1

Then, by (6.9) and (6.10), we deduce that

oo oo n—1 00
64> v(n)g"" —482 n)q" +576 > Y G(m)d(n —m)q" +16 Y F5(n)g
n=0 n=2 m=1 n=1

Comparing the coefﬁments of g™ on both sides of the above equation, we obtain the
identity

4v(n — 1) = 36(n) + 53(n) + 36 Y _ (m)a(n —m).
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We then deduce that
v(n —1) = 03(n) (mod 3).
O
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