EISENSTEIN SERIES ASSOCIA TED WITH 0(2)
HEEKYOUNG HAHN

Abstra ct. In this paper, we de ne three normalized Eisenstein seriesP, e, and
Q assaiated with  ¢(2); and derive three diern tial equations satis ed by them
by using sometrigonometirc identities. By using these three formulas, we de ne a
di erential equation depending on the weights of modular forms on ((2) and then
construct their modular solutions by using orthogonal polynomials and Gaussian
hypergeometric series. We also construct a certain classof in nite seriesconnected
with the triangular numbers. Finally, we derive a combinatorial identity from an
in nite seriesinvolving the triangular numbers.

1. Intr oduction

In his notation [13], Ramarujan's three primary Eisensteinseriesare de ned for
jag < 1by

)4 nqn
(1.1) P=P@=1 24 g1(q=1 24 -
n=1 1 q
)4 n3qn
(12) Q= Qa) = 1+ 240 o5(Q) = 1+ 240 oy
n=1
5~N
(1.3) R:=R(G=1 504 o5() = 1 504 1” qqn;
n=1
where
D3
rs = rs(Q) = m'nsg™
m=1 n=1

for integersr;s 0.
In more contemporary notation, the normalizedEisensteinseriesassa@iated with the
full modular group SL,(Z) are de ned, for ead evenintegerk 4, by

_1X K.
Ex(z) = > (cz+d) 5

wherethe summationis over all coprime pairs of integersc and d, andIm z > 0. Then
it is known that E«(z) hasthe Fourier expansion[9]
2k R ]
(1.4) Ev=B@=1 & camd’
n=1
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whereq = € 2, By is the kth Bernoulli number and

X
(1.5) w(n) = d

djn
As usual,we set i(n) = (n) and ¢(n) = 0if n 2 N. Note that E4(z) = Q(q) and
Es(z) = R(q) are holomorphic modular forms on the full modular group SL,(Z) of
weights 4 and 6, respectively [9, p. 109]. It is wel{known that E,(z) = P(Q) is not
a modular from of weight 2 [9, p. 12], called a quasi{madular form. The Eisenstein
series(1.1)}{(1.3) satisfy the di erential equations[13, eq. (30)], [14, p. 142]

dP _ P2 Q.

dQ _ PQ R,
(1.7) qd—q - 3 ’

dR PR @
(1.8) qd_q = >

In connectionwith Ramarujan's functions .5, V. Ramamani, in her paper [12, pp.
279{286],de ned analoguesof the Ramarujan functions . for integersr;s 0, by

x X
(1.9) rs o= rs(Q) = ( 1)n 1mrnsqmn:
m=1 n=1
In cortrast to ., the functions . arenot symmetricin r ands. In connectionwith
rs, let us de ne three functions P, e, and Q by

)4 n lhaan
(1.10) P:=P(d)=1+8 oi(q)=1+38 (1)7@?(];
n=1
(1.11) e:= ()= 1+ 24 14(0) = 1+ 24)é nq* .
. . 1,0 . 1+ an
X 1" 1n3g
(1.12) Q=Q@=1 16 os(@=1 16 (1)—qq
n=1

Using the theory of elliptic functions, Ramamani[11] proved that whenr + s is odd,

rs can be expresseds a polynomial in P, e, and Q. We remark that for r + s odd,
the function | is related to the normalized Eisenstein serieson (2), where the
modular subgroup ¢(2) is de ned by

(1.13) o2) = 2SLy2) (mod 2)

0

The normalized Eisenstein seriesassaiated with ¢(2) are de ned, for even integer
k 4, by

2k p ( 1" Ik 1qn.

=€ %, Imz>0
T 28, 1 q = €% Imz>0

(1.14) E=EB(2) =1
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Then the seriesE(z) are modular forms of weight k on  ¢(2) which vanish at the cusp
zero[4, Theorem 1.1]. It is clear that E4(z) = Q(q) is the relevant modular form of
weight 4on ((2). When k = 2, it turns out that E;(z) = P(q) is not a modular form
on this group (see(2.36)), but it plays important rolesin the theory of modular forms
of level 2. Note that the function e(q) is indeedthe modular form of weight 2 on ((2)
[2, Lemma3.3].

In Section2, we derive relationsfor ., for odd r + s, from trigonometric idertities
[13 eqgs.(17), (18)] and then, in the samemanneras (1.6){(1.8) are proved, we obtain
the di erential equations

dP P2 Q.
(1.15) 9= "2

de eP Q.

dQ _ :
(1.17) qd—q =PQ eQ:

The proofs will be given in Theorem 2.2 and Theorem 2.4. At the end of Section 2,
we mertion an alternative proof of theseformulas using the theory of modular forms.
In Section 3, by using these formulas (1.15)(1.17), we de ne a di erential equation
depending on the weight k of modular formson (2) and then construct its modular
solutions by using orthogonal polynomials. We also nd the hypergeometricstructure
for the solutions of this di erential equation. In section 4, we construct a certain
classof in nite seriesconnectedwith the triangular numbers. Finally, we derive a
combinatorial interpretation from one of idertities of in nite serieswhich we construct
in Section4.

2. Differential equations for P, e and Q

Ramamani[11] proved that forodd s 3, s canbe expressedasa polynomial in
e and Q by using the theory of elliptic functions. We can obsene this by comparing
the coe cients of " in the trigonometric identity [13, eq. (18)]

1 12 1X np3g
2.1 “cotf =+ — o+ — 5+ cosn
(1) 8 2 12 12n=1 1 q”( )
1 1 X ng" 2
= Zcotf -+ —+ 1
gCol 5+ 5 1 qn( cosn )

After replacing by + in(2.1),let usexpandtan andcosn in their Taylor series
about O for eadr n = 1;2;:::. We therefore nd that

2 4 3 2 3
i+—+17 + +i 4q +62q +43q3+
144" 192" 9216 12 1 qg 1 ¢& 1 ¢
L1 a9 2¢, ¥ 2

21 q 1 & 1 ¢
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1 q 27 q2 37 q3

= + 44
411 g 1 ¢ 1 ¢
(
5
(2.2) = i+2 a . 3¢ P
12 1 g 1 ¢ 1 ¢
3 2 3 ~3
+£i q 2°q 3°q + 2
21016 1 q 1 o 1 ¢ )
2
5 ~2 5~3
+£}+ q 2°q +3q 4.,
418 1 g 1 ¢ 1 ¢

Before going further, we needto introduce an alternative represetation for e(q).

the elememary fact
X X X%
1+x 1 x 1 x?%

we nd that

1
=
+
N
SN

e(q)

)4 nqn X- 2n q2n

2
1 qn n:11 qn

X o(2n 1) 1
1 q2n 1

]
=
+
N
N

(2.3) 1+ 24

n=1

Sowe canrewrite (2.2) as

1

q . .27 g’ 1, o5

+ + +
2 2l (o 192 12 2!
! |

+} + 3
144 6 1 q 1 ¢

17 07 a4, 31 L _ 09 6
9216 12 4! 69120 12 6!

( ) 2
— i+ e 1+ Q 2+ 1+ 8 05 4+
12 12 16 2! 8 4!

!
[t ) 2
(24) = i+ =< 24 Q + e(1+ 8 0;5) 4
144 192 1024 1152

!
e(17 32 o7) N Q1+ 8 o5) 6
139240 3072

Soif we comparethe coe cients of 2 on both sidesof (2.4), then we have

(2.5) 1+ 8 o5= €Q:

By
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Similarly, equating coe cien ts of # and using (2.5), we obtain the idertity

17 32 7= 9Q%+ 8e(1+ 8 ¢5) = 9Q? + 8€°Q:
Successiely comparingthe coe cients of "; n = 6;10;12 ::: on both sides,we easily
obtain the following theorem.

Theorem 2.1. For eveninteger k 4),(
(2.6) B = m;n ean;

2m+4n=k
m On 1

whee ., are constants.

The rst few examplesof Theorem 2.1 are the relations cortained in the following
Tablel.

(2.7) 1 16 03=Q;

(2.8) 1+ 8 o5 =€Q;

(2.9) 17 32 o7 =8€’Q + 9Q%

(2.10) 31+ 8 (9 =4€°Q + 27eQ?;

(2.11) 691 16 11 =16€*Q + 486°Q% + 183,

(2.12) 5461+ 8 13 =16€°Q + 2016°Q% + 342%Q?;

(2.13) 929569 64 15 =256€°Q + 130464*Q? + 667872°Q°% + 13097M*:

Table |
Now, we will give a detailed proof of the di erential equations(1.15X(1.17).

Theorem 2.2. If P and Q are de ned by (1.10) and (1.12), resyectively, then P and
Q satisfy the di er ential equations (1.15) and (1.17), resgctively.

Proof. Recallthe idertity [13, eq. (17)]

+>4 q sinn g lcot 2+>4 q' cosn
4772 1 q 472 @ )2
=1 n=1

R
SO
2 1

n=1

(2.14) (1 cosn):

Replacing by + in (2.14)and expandingsinn andcosn in Maclaurin series,we
obtain the Taylor seriesexpansionat 0,

:_LP +iQ_3+ 1'+ _5 1_7 ’ 2
8 16°3 8 % &5 32 %7
1R nqg" X P 1
. == + =
(2.15) : Ta (Vg agrtzo
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If we comparethe coe cient of 2 on both sidesof (2.15), then we deducethat
(2.16) P2=1+32 15, 16 3= Q+ 32 1,
By the de nition of 45, S 1,1t is clearthat

d 0;s d r0 _

(2.17) dg - and q dg A

Soby (2.16), we obtain
dP _ _d o1 _ _ P2 Q.
qd_q_8q aq =8 12= 7
which is the desiredidentity (1.15).
Similarly, by comparingthe coe cients of 4 from (2.15), we can nd that

PQ 1 1
16 16 T2 0
Hence,from (2.19), we derive that

d 0;3

dq

(2.18)

(2.19)

¢S = 169

from (2.8).

= 16 14=PQ (1+8 o5)=PQ €Q;

To nd adi erential equationfor (q), we needanothertrigonometric identit y proved
by Ramamani[12, eq. (1.5)].

Lemma 2.3.
}cot—+ * a sinn P_ocot =3 §X Lsinn
47720 1 4 2 ., @ )
3X (n+ 1) . 1R @n2+ 1 .
(2.20) + - ————sinn — ————~—sinn
4 (@ )3 16, 1 ¢
R n R’ n X n
+gcoté 1nq n+g 1q nsinn 1nq -
n=1 q n=1 q n=1 q

Theorem 2.4. If e(q) is de ned by (1.11), then e(qg) satis es di er ential equation
(1.16).

Note that for the proof of Theorem 2.4, Ramamani[11, p. 116]briey mertioned
that the equation(1.16) canbe obtained by comparingthe coe cient of in the Taylor
expansionsaround 0 in (2.20), after replacing by + . We will shawv this herein
detail. We rst needthe following simple, but useful fact.

Lemma 2.5. Let P(q), P(g), and e(g) be asin (1.1), (1.10), and (1.11), then
(2.21) P(g) = 3P(q 2¢(0):
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Proof. By (2.3), we obtain

A on 1 ps 2n
P(q) 2e()=3 1+8 n bam - g7 2ng

- 1 q2n 1 - 1 q2n
)é 2n 1
2 1+ 24 92%_;ggjr_
n=1 q
X (2n )" 1t X 2ng>"
=1 24 S 24 oo
n=1 4 n=1 aq
A n
=1 24
n=1 q

Now to simplify the in nite serieson the right hand side of (2.20), a new series
represetation for ., showvn below is necessary

Lemma 2.6. If ,.(q) is de ned by (1.9), then
X gL+ ),
- T o2

Proof. By the de nition of .5(q), we easily derive that

(222) 2;1((]) =

)4 ( 1)n lnsqn
2.23 s(Q) = —
(2.23) W@ gy
Setting s = 0in (2.23), we nd that
X b
o = 10(0):
o, @ oa)?

Di erentiate both sidesof the above equality and then multiply by g. By (2.17), in the
caser = 1, we completethe proof.

Proof of Theorem 2.4. After replacing by + in (2.20) and comparingthe coe -
cierts of for the Taylor expansionsat 0, we can nd that

(2.24)
o 3% (gt 3% (1 gt 3% (1) g
2 @ o) 4 _ 1 q) 4. q")? '
X tenrnd, 3% ne X (1 g
16 1 16 1 o P '

For corvenience,set
3% (1 'ngn 3% (1) g,

2 (1 o3 4 @1 g2’

n=1 n=1

(2.25) S, =
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_ 3% (1" n2g

(2.26) Sz Z—Z . W,
- 1% e+
(2.27) Sz = % 1 q :
n=1 | !
3% ng X (1" ngd
(2.28) Syi= — 1+8 ~——
16 :1 1 - 1
By (2.22) and a simple calculation, we obtain
3
S, = 2 2,1
For S,, we have |
3d R (1t 3 dP 3.,
(2.29) S, = ZQ@ 1 q 32 qd_q = @(P Q);

n=1
where the last equality comesfrom (1.15). By the de nitions of P and Q given in
(1.10) and (1.12), respectively,

_Q P,

== g
Finally, use(2.21) to deducethat
31 P)P _ (1 3P 2P
- 128 128 '

Sy
It follows that
O:S]_+ Sz+ S3+ S4
2 2
3 .32 Q,Q P _P 32 2P

- oz % 128 128 128
and hencewe obtain
_eP Q,
VTN
By using
de
— =24 ,q;
qdq 2:1

we completethe proof.

Remark. It is possibleto derive (1.15){(1.17) from the analogousformulas in level
one.

Let := qdiq = 2—1|d—dz and usethe notations E,, e, and E,, rather than P, e, and Q,
respectively, becausave want to focuson their weights. Then the di erential equations
(1.15X(1.17) are, in thesenotations,

E B,

4 1

ek K

(2.31) € = T;

(2.30) E =
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(2.32) B = BE &k

As usual, a holomorphic function on the upper half plane H and at the cuspsof the
congruencesubgroup is called a modular form of weight k with respectto if

az+ b
cz+ d

f = (cz+ d)*f (2)
forallz2 Handall (38) 2 :Foranewnintegerk 2, let M( o(2)) denotethe
spaceof modular forms of weight k on ¢(2): Then we know that the operator

k
| _
(2.33) f1f SEd

mapsMy( o(2)) to My+2( o(2)) (seeExerciseno. 7 [9, p. 123]). Let g(z) := Ex(2)
2E,(22): Then g(z) 2 M3y( o(2)) (see[2, Lemma 3.3]). So for any constart , the
operator

k
(2.34) {1 f S(Ex+ Of

mapsMg( o(2)) to Mys2( o(2)): In particular, if weset = 2, and use(2.21), i.e.,
Ex(z) = (4E»(2z) E,(2))=3; then we have the following lemma.

Lemma 2.7. Letf 2 M\ ( o(2)); then

k
(2.35) f ZEzf 2 Mi+2( 0(2)):
Now, by (2.35) applied to the modular form e, 2 M,( o(2)), we have e, % 2
M4( o(2)): By computing the rst three terms in the g-expansion(which are enough

to exceedthe bound coming from the valenceformula), we can prove the equality
Ee _ E.

2 2’
which is exactly (2.31). Similarly, we can derive (2.32), after applying (2.35) to E; 2
Ma( o(2)):

Since E is not a modular form of weight 2, we cannot use Lemma 2.7 to derive
(2.30). So rst we provethat E2 4 B 2 My( ¢(2)): We needthe transformation

formula for BE.

€

Lemma 2.8. We have

az+b _ 2 2 _ ab _
(2.36) E o+ d - (cz+ d)°Ex(z) + —ic(cz+ d); c d 2 o2):
Proof. Recallthe transformation formula [16, p. 68]
az+b _ 2 6 . ab :
(2.37) E, o+ d (cz+ d)°Ex(2) + —ic(cz+ d); c d 2 SL,(2):
Sofor (28) 2 o(2);
az+b a(2z)+ b 2 3 _
E, o+d E, W = (cz+ d)°E,(22) + —ic(cz+ d):
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Hence,(28) 2 o(2);
az+ b
cz+d

> =g (cz+ d)’E,(2z2) + iic(cz+ d)
% (cz+ d)’Ex(2) + Eic(cz+ d)

=(cz+ d)’Ex(2) + %c(cz+ d):

It is clearfrom (2.36) that

az+b _ 4 c(cz+ d)3 c?(cz+ d)?
(2.38) B g = (2 B@+ R
So, by (2.36) and (2.38), for (28) 2 4(2);
, az+b az+b _ 2 2 2
R 4 B oid - (cz+ d)°Ex(z2) + —ic(cz+ d)
3 2
4 (CZ+ d)4 Ez(z) + wEZ(Z) Cz(czizd)

=(cz+ d)* Ex2) 4 E(2) :

HenceEZ 4 E, 2 My( o(2)). Then by examining at the rst three terms in the
g-expansionswe nd that

E 4 E=E;
which is the desiredresult (2.30).

3. A differential equation depending on weights of modular forms

The di erential equationin the upper half planez 2 H

+ +
e+ D
was originally studied by M. Kaneko and D. Zagierin [8]. Here the symbol ° denotes
the -op erator (2 i) *d=dz= q d=dq (q= € ). For corvenience,in this section,
we will usethis notation. Then it is known, that for k  0;4(mod 12), there exists a
modular solution of (3.1)

(3.1) f%z) EX@)f (2) = O,

_ K k 4 Kk 51728
k=4 K, . . .
B@TF % 2 T

where
X a), (b, x"
Fabex) = zg)( )”m;
n=0 n '
is the Gaussianhypergeometricseries,and j (z) is the elliptic modular invariant. Var-

ious modular forms on somesubgroupswere obtained in [6] as solutionsto this di er-
ertial equation, wherethe groupsdepend on the choice of k. In particular, on ((4),

(@n=ala+1) (a+n 1) jxj<l



EISENSTEIN SERIES ASSOCIATED WITH 0(2) 11

Ono [10 constructeda family of di erential endomorphismsand carried out a similar
analysisfor modular forms on this group, including those of half-integral weight.

In addition to the modular solutions, quite remarkable wasan occurrenceof a quasi{
modular form, not of weight k asin the modular casebut of weight k + 1. Along
the samelines, Kaneko and Koike [7] found someexamplesof quasi{modular forms as
solutionsto an analogousdi erential equation attached to the group ,(2), which are
not cortained in the full modular group, where ,(2) is de ned by

@= o2 5 4

wherethe modular subgroup o(2) is de ned in (1.13).
The di erential equation on which we focusin this sectionis

32) (%) e )+ T Vet )= o
where Ey(z) is a quasi{modular form of weight 2 on ((2) de ned by (1.14), i.e.,
)4 n la~AN
E(z)=1+8 (2 N,
n=1 1 qn

In the presen section,for any positive even k, we construct solutions of the di erential
equation (3.2), which are indeedmodular forms of weight k on (2).

A simple calculation using the di erential equations(2.30){(2.32) shows that E; is
the logarithmic derivative of the modular form

(3.3) D::%ETE“:M 8f + 2847 + 64" +
of weight 4 on (2).
De ne a sequencef polynomials A, (x) by
(3.4) Ao(X) = 1; Ai(X) = X; Aps1 (X) = XAp(X) + hAn 1(X) (n=1;2;:::);
where
_ (n+1)*
(3-5) no (2n+ 1)(2n + 3)°

The polynomial A,(x) is an even or odd polynomial accordingas n is even or odd,
respectively. We also de ne a secondsequenceof polynomials B,(x) by the same
recursionwith di erent initial valuesasfollows:

(3.6) Bo(X) = 0; By(X) = 1; Bpsr (X) = XBp(X) + B 1(X) (n=1;2;:::):

The polynomial B, (x) has opposite parity, i.e., it is evenif n is odd and odd if n is
even. Then our rst resultis givenin the following theorem.

Theorem 3.1. Letk=2n+ 2 (n = 0;1;2;:::). Then the following modular form of
weightk on (2),

n=2 € 2;02_,_ (n 1)=2 & &,

is a solution of (3.2), where D is de ned by (3.3).
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Remark. An elemen of degreek in the ring C[e,; D] is referredto asa modular form
of weight k on ¢(2). Note that D doesnot really occur due to the evennessand
oddnessof A, (x) and B,(x) on ead n.

Let the operator #, be denotedby

(3.8) #H(f):=f° gEzf;
which is the formula (2.35) in Lemma2.7. Using (2.31), we nd that
39) o) =
Similarly by (3.8) and (2.32), we obtain
(3.10) #4(Es) =  eE
We also deducethat
#(e) #(E)

(3.11) #(D) = =0

64

after an application of (3.9) and (3.10).
If f and g have weights k and |, the Leibniz rule

Hie1(F ) = #(F)a+ T#(0)

holds. We sometimesdrop the su x of the operator #; when the weighs of modular
formswe considerare clear. With this #¢ operator, the equation (3.2) can be rewritten
in the following lemma.

Lemma 3.2. The di er ential equation (3.2) is equivalentto
k(k + 2)
16
Proof. By the de nition of the #{operator in (3.8), we obtain

Eif :

(3.12) #era i (f) =

Hraa B (F) = Hraz fO ;Ezf

K 0 K+ 2
O ZEf
4 4

k(k + 2) k(k+ 2)
ESf + 16
where,in the last equality, we employed the equation (3.2), i.e.
k+1 k(k + 1)
00 0_—
f 5 Ef "= )
Sowe completeour proof by using (1.15).

E3f;

ESf

Proof of Theorem 3.1. Let Fy denotethe form in (3.7) in Theorem3.1. We rst estab-
lish the recurrencerelation

(3.13) Frio = &Fc+ nDFy 2
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wheren = (k  2)=2. This is a consequencef the recurrencerelations for A, and B,
asin (3.4) and (3.6), respectively. Then

_ 2 _
eFc+ nDF¢ 2= D"2A, p% %2+D(” =2g p% %

2€;

= € = e &
+ oD D" PFA . p= =+ DT PTB g = 3

=pmD=2 g2 A pZ
196 n pB

= ) Z
+ D" p=B <
pB n pB

_ 2 _
_pn=2p p% %+ D"?Bh  Pe

Now we prove by induction that Fy satis es the equation (3.12). For the basestep,
we rst have to chek the casesk = 2 (n = 0) andk = 4 (n = 1). In the casek = 2,
from the formula (3.7), we have F, = 2e,=3; which is clearly a modular form of weight
2o0n o(2). Moreover, using (3.9) and (3.10), we obtain
% _, B _eR_22+2_ 2

3 3 3 16 3’
which satis es the equation (3.12). Similarly, we can deducethat F, = (2€5 + E;)=3 is

a modular form of weight 4 satisfying (3.12).
AssumeFy , and Fy satisfy (3.12). Then by using (3.13) and the formulas (3.9),

(3.10), and (3.11), we have

#2

EF
#(Fian) =# #(Fo)e Tk + D#(Fy »)

F
=#(FIe+ 2O E#(F)+ DI )

k(k+ 2 F k(k 2
S Dopr e EEN gyrg + D

16 2
k?2+ 2k + 8 k(k 2
= kk_2) nDEF 2 E#(Fy):

16 2=t T
Hencewe nd that, by (3.14) and (3.13),

(k+ 2)(k+ 4)

nDEFi 2

(3.14)

#(Fis2) 16 EsFys2
_ k2+2k+8 (k+ 2)k+4)
- 16 16 e2EaF

k(k 2) (k+ 2)(k+ 4)

16 16 nDEF 2 E#(Fy)
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k+1

k
= kK Zesz+#(Fk)+ nDFk 2

To prove the theoremit will thereforesu ce to show that
ke,F k+ 1
2+ (R =

Again, we will prove the equality (3.15) by induction on k. For the casek = 4 (n = 1),
the equationis cheded directly asfollows by (3.9) and (3.10):

(3.15) nDFy 2:

deyF, 22+ E 2¢2 + E,
Z + #(Fa) =& 3 TF —3
2
=& BT
_ 5 g (r1Y & E 2
T2 (2 1+ 1)2 1+ 3) 64 3
4+ 1
= 5 1DFy;

wherethe last equality comesfrom the relation (3.5) and (3.3). Using (3.13), we can
rewrite Fy.» as

(3.16) Frez = (k+ 2)eF  4#(Fy)):

1
2k + 1)

Assumethat (3.15)is valid for k, i.e., #2(Fy) = 0. Henceby (3.13) and by applying
the #{operator to Fy., in (3.16), we nd that

k+ 2 k 2
k+2  EF 2
Yokrn 2 TR (R
_(k+2y
k+ 3
- -; n+1 DF:

Here we have usedthe induction assumption. Hencethe proof of (3.15) is complete,
and sothen the proof of theorem 3.1 is alsocomplete.

We next indicate that the solutions of (3.2) have a hypergeometricstructure. Let
j2:= é = a+ 40+ 2760 2048f +
Thenj, isa o(2) invariant function which generatesthe eld of modular functions

on o(2) and the normalizedfunction j, 40is often referredto asthe \Hauptmo dul"
for the group ¢(2).
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Theorem 3.3. For evenk 4, the di er ential equation (3.2) hassolutions which are
normalized modular forms of weightk on ¢(2), a geneator of whichis given by
K k k 2 k 164

3.17 ;F = Ty T T
(3.17) 23 T 2 1z
Proof. It is sucient to show that

X (DiC D
0 ke ( il

is a solution of (3.12), sincef is a normalizedmodular form of weight k on ((2). Since

L]

f = 64D'e;

E.=¢ 64D;
by (3.8), we nd that
_ E_ &
#(ey) = > = 32D >

Using these,we obtain

#Z(Di%% iy = Diezg 2i+2 D|+1%% 2, D”Zez% 2 2
with
@i =& 4')“;6 4*2. = gk 4); =256k 4di)k 4i 2)
Hence,for
X . (k) K2y
f= aD'e * with a = 64'%;
0 i k=a ( il
we have ks 2
. k :
#Z(f) (1-; )E4f — aioDH.leZE 2|;

0 i k=4
for someconstarts a°. We can complete the proof by shawing that a? = 0. By the
de nition of a; and (3.18), we can expressa’ in terms of &, namely,
o_(k 4 Ak 4 2)
a = 16 Ai+1
+ 256Kk 4di+4)(k 4i+2aq

8k 4i)%
k(k + 2)

(+1  64)

16
. (k 4i Mk 4 2}k 4k 4 2
- & 2k 2 1)G+ 1)
8k 4i)% 32k 2+ 1) )
k(k+1) _(k 4i)k 4 2
16 8(k 2 i+ 1) o4
:O,

after a simple algebraiccalculation.
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Remark. Solutions of (3.2) can be reformulated in terms of Rankin{Cohen brackets
[17]. For modular forms f and g of weights k and |, de ne a modular form [f ; g] of
weight k + | + 2 by

[fidl=kfg® If%
(\Rankin{Cohen brackets of degreel"). By the de nition of the #{operator in (3.8),
the above equation may alsobe written as

(3.19) [f;al = kf#(9) I#(f)o:
Lemma 3.4. SupmseFy satis es the di er ential equation (3.12). Then
k 2
(3.20) #([F; &) = T[Fk;a]
and
k 4)k+ 2
B2  #(k DFGED+ wFe) = T )
Proof. SinceFy is a solution of (3.12), Fy satis es the equality
k(k + 2
#(F) = 16 JeF,

From this and the useof (3.9) and (3.10), we obtain

HFae) =#  SFE 26H(Fy)

k k k(k + 2
S é#(Fk)E4+ 592E4Fk 2 (1-; )E4Fk e + E#(Fy)
N R &
k 2
=T[FK;E4];

which proves(3.20). Similarly, by using (3.19), (3.9) and (3.10), we can prove (3.21).

4. A class of infinite series connected with triangular numbers

On page188of his lost notebook [15, Ramarujan examinesthe series,

b
(4.1) Ta(a):=1+  ( 1'f6n  1*C" D+ (6n+ D)*ETVEg jgi< L

n=1
Note that the exponerts n(3n  1)=2 are the generalizedpenagonal numbers. The
seriesTx (), k = 1;2;:::, can be represeted in terms of the EisensteinseriesP (Q),

Q(g), and R(q). The proofs of all the formulas on pagel188are givenin [3].
If we de ne the series,
b
(4.2) Ta = Ta(@ = 1+ (2n+ 1MV Z i< 1

n=1
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then we can obtain analogousformulas for Ty, in terms of e, P, and Q. Obsene that
the exponerts n(n + 1)=2 are the triangular numbers T, de ned by

nn+1
Th = ( 5 ); 0:
Recallthat Ramarujan's theta function (q) [1, p. 36, Entry 22 (ii)] is de ned by
% (F; )
4.3 — nn+ny=2 — G501 ;
9 @ h=0 | (9; o)1

wherejqg < 1, and, for any complexnumber a, we write (a;q); = Qﬁzl 1 aq ?):
We now state four formulas for To.

Theorem 4.1. If T, is de ned by (4.2), and P, e, and Q are de ned by (1.10X (1.12),

SR A

(i) @ - P;

(ii) T“((;) =3P2 20Q;

(iii) Tﬁ((;‘)) = 15P3 30PQ + 16eQ;

(iv) TB(((?)) = 105P% 420P2Q + 448PQ 1287Q 4Q%
Proof. Important in our proofsis the simple idertity

(4.4) @n+ 1) = 8”(”; NPT

Obserne that, by (4.3),

d R
P=1+ 8qd_q ( D'log@ d")
n=1
(oF; )1
(RN

=1+ 8qu£q log

a (9

T

Thus, using (4.4), we nd that |

(q) + SQE 1+ X CIn(n+1) =2
dq

n=1

(QP

bS
(q) +8 n(n2+ l)qn(n+1) =2

n=1
X‘ -
(2n + 1)2qn(n+l) =2 (q) +1

n=1

1
5
+
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(4.5) =T,(0):

This completesthe proof of (i).
In the proofs of the remaining identities of Theorem4.1, in eat case,we apply the
operator 8quq to the precedingidertity. In ead proof we alsousethe idertities

(4.6) 8%?M®=Emm)TM%

which follows from di erentiation and the useof (4.4), and

@.7) m%(@=u@ (9:

which arosein the proof of (4.5).
We now prove (ii). Applying the operator 8quq to (4.5) and using (4.6) and (4.7),
we deducethat

P@T @+ @ 0= Td Tl

Employing (i) to simplify and using (1.15), we arrive at
(4.8) T.(@) = 3P? 2Q) (a);

asdesired.
To prove (iii), we apply the operator Sq%1 to (4.8) and use(4.6) and (4.7) to deduce

that
dP dQ

Te T,=8 Gqu—q 2qd—q @+ @P* 20)(T.  (q)

= 1P(P? Q) 16(PQ eQ) (9+ (3P 2Q)P 1) (a);
wherewe used(1.15), (1.17) and (i). If we now employ (4.8) and simplify, we obtain
(iii).

In general,by applying the operator 8quq to T, and using (4.6) and (4.7), we nd
that

d
Tokez Tk = 8Q®92k(P;e;Q) (@) + Pgx(P;e;Q);
wherewe de ne the polynomialsgx(P;e;Q); k 1, by

Tx ().
(@

Then proceedingby induction while using the formula (4.9) for Ty, we nd that

(4.9) ok (P;e;Q) =

(4.10) G2 (P;€;Q) = 8qd%gzk(P;e;Q) + Pox(P; e;Q):

With the useof (4.10) and the di erential equations(1.15)(1.17), it should now be
clear how to prove the remainingidentity (iv), and sowe omit further details.
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Remark. Obsene from Theorem4.1 that a generalformula for g, (P; e;Q) cortains
all products P'é"Q", such that 2| + 2m + 4n = 2k. It seemsto be extremely di cult
to nd a generalformula for gx(P;e;Q) that would give explicit represetations for
ead coe cient of P'e"Q".

5. A combinatorial identity

Let es bede ned for s;n 2 N, by
X
(5.1) es(n)=  ( 1)9

djn
where e;(n) = e(n); and es(n) = 0if n 2 N. Glaisher [5] de ned seen quartities

which depend on the divisors of n, including (5.1), and found expressiondor them in
terms of the 4(n) de ned as(1.5). For instance[5],

(5.2) es(n) = <(n) 25 ((n=2):
Thenthe rst formula (i) in Theorem4.1 hasan interesting arithmetical interpretation.
Theorem 5.1. Dene e(0) = %. Then

X . @r+ 1) if n=r(r+ 1)=2
(5:3) 8 e() = 0; otherwise
j+ k(klz-l) =2=n
ik 0

Proof. By expandingthe summandsof P in (1.10) in geometric seriesand collecting
the coe cien ts of " for ead positive integern, we nd that

X X
P(@=1+8 e(nq"' = e(n)q";
n=1 n=0

upon usingthe de nition e(0) = &: Thus, by (4.3) and Theorem4.1, (i) canbe written

in the form | 8 '
X D R X _
(54) 8 e(j )qJ qk(k+l) =2 _ 1+ (2n + 1)2qn(n+1) —2:

i=0 k=0 n=1
Equating coe cients of d", n 1, on both sidesof (5.4), we completethe proof.

Let N be the set of positive integers. De ne

(5.5) A = f(x;y) 2 N?>:2x2+ y? = 8n + 1y is odd; 2jxg
and
(5.6) B:= f(x;y) 2 N?:x?+ y?= 8n+ 1,y is odd; 4jxg:

Then we derive the following conbinatorial corollary of Theorem5.1.

Corollary 5.2. The numler of elementsof A and the numler of elementsof B have
the sameparity in all casesexeptwhenn = r(r + 1)=2andr 1;2(mod4).
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Proof. Since
e(i) 1(mod2); if j = m?orj = 2m?;
J 0(mod?2); otherwise
we have
(5.7) e(j) e(j) (mod2):
j+k(k+1) =2=n j+k(k+1) =2=n
ik 0 j 1k 0

j=m2 or j=2m?
After changingvariables,it is easyto seethat A and B can be rewritten as
A=f({K)jj >0k 0f+k(k+1)=2=n;j =m?g
and
B=f(;Kk)jj>0k Oj+kk+1)=2=n;j =2m?g:
Therefore,by (5.7), we ;\(d that

#A+#B= 1
j +k(k+1) =2=n
j Lk O
j=m20rj=2m?2
X -
e(j) (mod?2)
j+k(k+1) =2=n
j Lk O
j=m2arj=2m?2
X -
e(j) (mod?2)

j+k(k+1) =2=n
j Lk O

B (2r+1) 2 1; if n= r(r;-l);

0; otherwise

1(mod2); whenn=r(r+ 1)=2andr 1; 2(mod4);
0(mod2); otherwise

Sowe concludethe result.
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