EISENSTEIN SERIES ASSOCIATED WITH I'((2)
HEEKYOUNG HAHN

ABSTRACT. In this paper, we define three normalized FEisenstein series P, e, and
Q associated with I'g(2), and derive three differntial equations satisfied by them
by using some trigonometirc identities. By using these three formulas, we define a
differential equation depending on the weights of modular forms on I'g(2) and then
construct their modular solutions by using orthogonal polynomials and Gaussian
hypergeometric series. We also construct a certain class of infinite series connected
with the triangular numbers. Finally, we derive a combinatorial identity from an
infinite series involving the triangular numbers.

1. INTRODUCTION

In his notation [13], Ramanujan’s three primary Eisenstein series are defined for
lgf < 1 by

1.1 Pi=P(g)=1—24dy,(q) =1 — 24

(1.1) (q) 0.1( Z 1 q"’

(1.2) Q= Q(q) = 1+ 2409 3(q)

(1.3) Ri= R(g) = 1 — 5040 ()—1—504§: g
. = ng) = 0,5\4) = 1
where

O, =D, sz g

m=1 n=1

for integers r, s > 0.
In more contemporary notation, the normalized Eisenstein series associated with the
full modular group SLy(Z) are defined, for each even integer k > 4, by

Fi(z) = 5 Dz + )™

where the summation is over all coprime pairs of integers ¢ and d, and Im z > 0. Then
it is known that Ej(z) has the Fourier expansion [9]

(1.4) Ey = Ep(2) =1— 2 > okan)g,
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where ¢ = €?™*, By, is the kth Bernoulli number and

(1.5) ox(n) =Y _d".

din

As usual, we set o1(n) = o(n) and ox(n) = 0 if n ¢ N. Note that E4(z) = Q(q) and
Es(z) = R(q) are holomorphic modular forms on the full modular group SLy(Z) of
weights 4 and 6, respectively [9, p. 109]. It is well-known that Fy(z) = P(q) is not
a modular from of weight 2 [9, p. 12], called a quasi-modular form. The Eisenstein
series (1.1)—(1.3) satisfy the differential equations [13, eq. (30)], [14, p. 142]

AP P
(1.6) T
49 _PQ-R
1.
(1.7 0=
(AR _ PR— Q?
(1.8) =

In connection with Ramanujan’s functions @, ;, V. Ramamani, in her paper [12, pp.
279-286], defined analogues of the Ramanujan functions @, ¢ for integers r, s > 0, by

(19) \117,75 = ‘;[17,78((]) = Z Z(_l n— mrnsqmn

m=1 n=1

In contrast to @, 4, the functions ¥, ; are not symmetric in r and s. In connection with
U, s, let us define three functions P, e, and Q by

X / 1yn—1
(1.10) P:="P(g) =1+8Vo(q )—1+8Z( 1)_;([ :
n=1
(1.11) e:=e(q) =1+24¥ ()_1+24i ne
. : 1,0 n:11+qn7
0 —1)" 1,3 . n
(1.12) Q:=0Q(q) =1-16Yy3(q )—1—162( 1>_qzq .
n=1

Using the theory of elliptic functions, Ramamani [11] proved that when r + s is odd,
VU, s can be expressed as a polynomial in P, e, and Q. We remark that for 4+ s odd,
the function ¥, is related to the normalized Eisenstein series on I'g(2), where the
modular subgroup ['¢(2) is defined by

(1.13) To(2) = {7 € SLy(Z) ‘7 = (3 j:) (mon)} .
The normalized Eisenstein series associated with I'g(2) are defined, for even integer
k > 4, by

2k * -1 n—lnk—lqn i
(1.14) & = &Elz) =1— T 3 (=1) )
n=1

= I > 0.
(1—2F - 0 1T E
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Then the series £ (z) are modular forms of weight & on I'g(2) which vanish at the cusp
zero [4, Theorem 1.1]. It is clear that £,(2) = Q(q) is the relevant modular form of
weight 4 on I'g(2). When k = 2, it turns out that £(z) = P(¢) is not a modular form
on this group (see (2.36)), but it plays important roles in the theory of modular forms
of level 2. Note that the function e(q) is indeed the modular form of weight 2 on I'y(2)
2, Lemma 3.3].

In Section 2, we derive relations for ¥, ,, for odd r + s, from trigonometric identities
[13, egs. (17), (18)] and then, in the same manner as (1.6)—(1.8) are proved, we obtain
the differential equations

PP’ - Q
(1.15) =2
de eP—Q
(1.16) -T2
o

The proofs will be given in Theorem 2.2 and Theorem 2.4. At the end of Section 2,
we mention an alternative proof of these formulas using the theory of modular forms.
In Section 3, by using these formulas (1.15)—(1.17), we define a differential equation
depending on the weight & of modular forms on I'y(2) and then construct its modular
solutions by using orthogonal polynomials. We also find the hypergeometric structure
for the solutions of this differential equation. In section 4, we construct a certain
class of infinite series connected with the triangular numbers. Finally, we derive a
combinatorial interpretation from one of identities of infinite series which we construct
in Section 4.

2. DIFFERENTIAL EQUATIONS FOR P, e, AND Q

Ramamani [11] proved that for odd s > 3, U can be expressed as a polynomial in
e and Q by using the theory of elliptic functions. We can observe this by comparing
the coefficients of #” in the trigonometric identity [13, eq. (18)]

1 0 1\2 1 <= n’¢"
2.1 (— 27 —) — 5 0
(2.1) g 0 2—|—12 +1221—q”( + cosnb)

n=1

1 0 1 = ng" 2
= (= cot? = + — 1-— 0).
<8CO 2+12+n:11_qn( cosnf)

After replacing 6 by m+6 in (2.1), let us expand tan @ and cos nf in their Taylor series
about 0 for each n =1,2,.... We therefore find that

1 62 1704 1 q 23¢° 333
4 oo+ =1 (4 6 4 )
144+192+9216+ +12{<1—qjL 1—q2+ 1—q3jL
1 252 5.3
+_< ¢ _2a ., 34 ____)HQ
2\l —q 1—-¢*> 1-—¢°
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lrq 2¢ 3¢ 1
< + 3_...>9 4+ ...

S 4\1—¢ 1-¢ 1—¢
(2.2) 2{11—2+2(1Eq+1?f]23+15_qz5+~-)
+%<E_ 13q+12iq;— 13iq;+___>92
+%<%+1zq_12iq;+13jq;__._)94+_._}2_

Before going further, we need to introduce an alternative representation for e(q). By
the elementary fact

we find that
e =14+24
(a) ; o
—1 +24§: a__ 24§: 2ng™
n=1 1 B q" n=1 1 o q2n
(2.3) —1+24i(2”_1)q2n :
: - o 1— q2n—1

So we can rewrite (2.2) as

1 1 q 23¢* 333 1 o5 9
— 4+ =12 3 2 — : 0
144+6<1—q+ 1—q2+ 1—q3+ + 192+12-2!
17 \If07 4 31 \IIOQ 6
07 g S /T
* <9216 12 - 4!) * 69120 + 12 - 6! +

2
1 e—1 1480
:{ Loty Qo p 108 0’594+~-~}

127 12 ' 16-2! 8. 4!
e eQ Q% e(1+8Yy5)
2.4 =+ = 22 19t
(2:4) a1 1027 T\ 1020 T T 11m2

e(17 = 32Wo7)  Q(1+8¥o5) \ 6
) U 9 e
( 30240 3072 *

So if we compare the coefficients of §2 on both sides of (2.4), then we have

(25) 14 8\110’5 = GQ.
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Similarly, equating coefficients of #* and using (2.5), we obtain the identity
17— 32Ug7 = 9Q% + 8e(1 + 8V 5) = 9Q* + 8¢ Q.

Successively comparing the coefficients of 8™, n = 6,10,12,... on both sides, we easily
obtain the following theorem.

Theorem 2.1. For even integer k > 4,
(26) Sk = Z am,nean>

where Qpn are constants.

The first few examples of Theorem 2.1 are the relations contained in the following
Table I.

(2.7) 1 —16Vy3 =9,

(2.8) 14+ 8Vy5 =cQ,

(2.9) 17 — 32U, 7 =8¢°Q + 992,

(2.10) 31+ 8Wgg =4€3Q + 27¢Q?

(2.11) 691 — 160, 1; =16¢"Q + 486e°Q* + 18907,

(2.12) 5461 + 8W( 13 =16€”Q + 2016¢e* Q? + 3429¢Q°,

(2.13) 929569 — 64 15 =256¢°Q + 130464e*Q? + 667872e*Q° + 130977Q".

Table I
Now, we will give a detailed proof of the differential equations (1.15)—(1.17).

Theorem 2.2. If P and Q are defined by (1.10) and (1.12), respectively, then P and
Q satisfy the differential equations (1.15) and (1.17), respectively.

Proof. Recall the identity [13, eq. (17)]

1 [ — n 2 1 0\2 = ¢"cosné
ot ) (o)
<4co 2—|—n_ 11—y sinn 10t 3 —l—nz::l(l_qn)z
1 = ng"
(2.14) +§;1_qn(1—cosn0)

Replacing 6 by 7+ 6 in (2.14) and expanding sin nf and cosnf in Maclaurin series, we
obtain the Taylor series expansion at 0,

( P9+16Q3'+<;+%5>§+<;2 ‘1’°7>977+ ")2

(2.15) == Z

1 1 N0 /1 ot
+ (32 + - 5%3) T (16 Wi+ 2%5> 1

n

S 4 q
(—1)" 1__ 2 —\If
Z ) (1 _ qn)2 + 2 0,1

n=1

1—q



6 HEEKYOUNG HAHN

If we compare the coefficient of # on both sides of (2.15), then we deduce that
(2.16) P?=1+32V;15—16Wg3 = Q+ 32V ,.

By the definition of W ,, s > 1, it is clear that

dVg dv,
q 0 = \111’5_;,_1 and q 0 = ‘1’7,4_171.
dq dq

So by (2.16), we obtain

(2.17)

2 _
AW, 80y, = P : Q’

w»_
which is the desired identity (1.15).
Similarly, by comparing the coefficients of #* from (2.15), we can find that

(2.18)

PO 1 1
(2.19) T =15 Vat 5V
Hence, from (2.19), we derive that
d dv
02— 160200 16w, — PO~ (14 8Ug5) = PQ - 0,
dq dq
from (2.8). O

To find a differential equation for e(q), we need another trigonometric identity proved
by Ramamani [12, eq. (1.5)].

Lemma 2.3.

1 0 & ¢ . N3 scotB/2\3 3K ¢t
(ZCOt§+;1—q” smn@) = (T) —igmsmn@
) 1—qgn)? 16 1—qgn

3

4=

3 0 <=~ ng" 3 /e (" . = ng"

50t 3 ) )
Ty 221—q"+2 ;1—qnsmn 21—(1"

Theorem 2.4. If e(q) is defined by (1.11), then e(q) satisfies differential equation
(1.16).

Note that for the proof of Theorem 2.4, Ramamani [11, p. 116] briefly mentioned
that the equation (1.16) can be obtained by comparing the coefficient of 6 in the Taylor
expansions around 0 in (2.20), after replacing 6 by 7 + 6. We will show this here in
detail. We first need the following simple, but useful fact.

Lemma 2.5. Let P(q), P(q), and e(q) be as in (1.1), (1.10), and (1.11), then
(2.21) P(q) = 3P(q) — 2e(q).
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Proof. By (2.3), we obtain

_ g2n—1 _ 2n
n=1 1 q n=1 1 q
> (2n 1>q2n—1
—2<1+—z4§: T )
n=1
(27’L _ 1)q2n 1 2nq2n
=1—-24 — 24
nZ::I 1— q2n—l nz_:l 1— q2n
%) nqn
=1-24

O

Now to simplify the infinite series on the right hand side of (2.20), a new series
representation for W, shown below is necessary.

Lemma 2.6. If U, ((q) is defined by (1.9), then

(2.22) Uy (q }: "1_q%+q)

Proof. By the definition of ¥, ,(q), we easily derive that
0 (_1)n lnsqn

(2.23) Uig) =) EroE

n=1

Setting s = 0 in (2.23), we find that

Z ﬂ =Wy (q)

—~ (1-¢q")
Differentiate both sides of the above equality and then multiply by ¢. By (2.17), in the
case r = 1, we complete the proof. (]

Proof of Theorem 2.4. After replacing 6 by 7w + 6 in (2.20) and comparing the coeffi-
cients of 6 for the Taylor expansions at 0, we can find that

(2.24)

g BT 3N g 8 (1

2 (1—¢)? 44 (1-q¢) 4= (1-q)

n=1
1 (—=1)"1(2n3 + n)g" 3 «—
- — 1 .
16 f 1—q + 1621—(]" +SZ l—q

For convenience, set

[e.e]

3 ) 3 — (—=1)" " tng"
2.95 —_2 S N L
( ) 9 Z 1 —q") + 4 VR
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3 e (_1)n 1n2qn
2.26 Sy =23 A T
Ll (=) (2nd 4+ n)
(2.27) Sy = 15 > T, ,

(2.28) 54:(%%1_(]) (1+82 )

By (2.22) and a simple calculation, we obtain

3
Sl - —1\112’1.

For Sy, we have

> )" Ing 3 dP 3
220 :4m(z:1eq )IEAF@):E§ﬁ‘Q%

where the last equality comes from (1.15). By the definitions of P and Q given in
(1.10) and (1.12), respectively,
Q-7
STo128

Finally, use (2.21) to deduce that
31-P)P (1 -3P—2)P
128 128 '

Sy =
It follows that
0=S5;+S5+S3+95,

3 3(PP°-Q) Q—P P —3P*—2P
= -y
1t T g 128 ’
and hence we obtain
T — eP—Q
T
By using
de
— = 24V¥
C_qu 2,15
we complete the proof. O

Remark. It is possible to derive (1.15)—(1.17) from the analogous formulas in level
one.

Let © := g¢= dq 271m -, and use the notations &, ey, and &, rather than P, e, and Q,
respectively, because we want to focus on their weights. Then the differential equations

(1.15)—(1.17) are, in these notations,

E2-¢&,
1

6252 — 54

Ty

(2.30) O& =

(2.31) Oey =
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(232) 954 = 5254 — 62(94.

As usual, a holomorphic function on the upper half plane H and at the cusps of the
congruence subgroup I' is called a modular form of weight k with respect to I' if

F(ET]) = v arse)

for all z € H and all (¢}%) € T. For an even integer k > 2, let My(I'o(2)) denote the
space of modular forms of weight k& on I'g(2). Then we know that the operator

k
(2.33) f—Of - SBf
maps M (I'(2)) to Mi12(Ig(2)) (see Exercise no. 7 [9, p. 123]). Let g(z) := Ea(z) —
2F5(2z). Then g(z) € My(I'9(2)) (see [2, Lemma 3.3]). So for any constant «, the
operator

(2.34) f—0f— %(Eg +ag)f

maps My (I'9(2)) to My2(I'0(2)). In particular, if we set « = —2, and use (2.21), i.e.,
Ey(z) = (4E5(22) — Es(2))/3, then we have the following lemma.
Lemma 2.7. Let f € M(I'9(2)), then
k
(2.35) Of - Zng € Mit2(I'o(2)).

Now, by (2.35) applied to the modular form ey € Ms(I'9(2)), we have Oey — 22 €
M,(T'9(2)). By computing the first three terms in the g-expansion (which are enough
to exceed the bound coming from the valence formula), we can prove the equality

(9262 54
Oey — — = ——
2773 2’
which is exactly (2.31). Similarly, we can derive (2.32), after applying (2.35) to &, €

My(To(2)).

Since & is not a modular form of weight 2, we cannot use Lemma 2.7 to derive
(2.30). So first we prove that £ — 40&, € My(T'o(2)). We need the transformation
formula for &;.

Lemma 2.8. We have

az +by 9 2
(2.36) 52(0z+d) = ez +d)*&(2) + —c

(cz +d), (Z Z) € Ty(2).

Proof. Recall the transformation formula [16, p. 68]

(cz + d), (Z Z) € SL(Z).

az +by 9 6
(2.37) E2<CZ n d) = (cz + d)°Ey(2) + —oc

So for (¢%) € I'y(2),

. (2(25 j- 2)) =5 (%) = (cz +d)*Ex(22) + %c(cz +d).
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Hence, (295) € T(2),
az+b 4
(cz + d) 3
1 , 6
= ((cz + P Ey(2) + —clez + d))

- (2 + a7 Bs(22) + %C(cz +d))

=(cz + d)*Ey(2) + z_c(cz +d).

i
0
It is clear from (2.36) that
az+by 4 c(cz +d) (cz 4+ d)
(2.38) 952(C - d) = (cz+ d)'0&(2) + = -Ex(2) o
So, by (2.36) and (2.38), for (¢ %) € I'y(2),
p(0Z+bY az+by 9 2 2
& (T - d) 4@&(62 - d) _((cz +d)6x(=) + —elez+ d))
A c(cz +d)? A(cz + d)*
—4((02 + d)'06y(2) + ————Ex(2) - T)

—(cz + d)* (522(2) - 4@52(2)).

Hence £ — 40&, € M,(T4(2)). Then by examining at the first three terms in the
g-expansions, we find that
E3 —40&, = &,
which is the desired result (2.30).

3. A DIFFERENTIAL EQUATION DEPENDING ON WEIGHTS OF MODULAR FORMS
The differential equation in the upper half plane z € H
k+1 k(k+1
(3. o - S me e + M Y e e = o
was originally studied by M. Kaneko and D. Zagier in [8]. Here the symbol " denotes
the ©-operator (27m1)~'d/dz = q - d/dq, (¢ = €*™*). For convenience, in this section,

we will use this notation. Then it is known, that for £ = 0,4 (mod 12), there exists a
modular solution of (3.1)

B (L5 _E=4 k=5 1728
127 12 6 j(2)
where
F(a,b;c;x) Z ) n" (@), =ala+1)---(a+n—-1), |z|<1,
n=0

is the Gaussian hypergeometric series, and j(z) is the elliptic modular invariant. Var-
ious modular forms on some subgroups were obtained in [6] as solutions to this differ-
ential equation, where the groups depend on the choice of k. In particular, on T'y(4),
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Ono [10] constructed a family of differential endomorphisms and carried out a similar
analysis for modular forms on this group, including those of half-integral weight.

In addition to the modular solutions, quite remarkable was an occurrence of a quasi—
modular form, not of weight k as in the modular case but of weight k£ + 1. Along
the same lines, Kaneko and Koike [7] found some examples of quasi-modular forms as
solutions to an analogous differential equation attached to the group I'§(2), which are
not contained in the full modular group, where I'§(2) is defined by

ri = (r). (5 ')

where the modular subgroup I'y(2) is defined in (1.13).
The differential equation on which we focus in this section is

(3.2) 7o) - @ e+ M e = o

where &(z) is a quasifmodular form of weight 2 on FO( ) defined by (1.14), i.e

1+82

In the present section, for any positive even k, we construct solutions of the differential
equation (3.2), which are indeed modular forms of weight k& on I'y(2).

A simple calculation using the differential equations (2.30)—(2.32) shows that & is
the logarithmic derivative of the modular form

1—q

2_¢
(3.3) Di:€2644=q+8q2+28q3+64q4+---

of weight 4 on I'g(2).

Define a sequence of polynomials A, (x) by
(3.4) Ao(z) =1, Aj(z) =2, App1(z) = 2A,(x) + MAn—1(z) (n=1,2,...),
where

(n+1)

2n+1)(2n+3)
The polynomial A, (z) is an even or odd polynomial according as n is even or odd,
respectively. We also define a second sequence of polynomials B,(z) by the same
recursion with different initial values as follows:
(3.6) Bo(x) =0, By(x) =1, Bpii(x) = 2B,(z) + \yBr_1(x) (n=1,2,...).

The polynomial B, (x) has opposite parity, i.e., it is even if n is odd and odd if n is
even. Then our first result is given in the following theorem.

Theorem 3.1. Let k =2n+2 (n=0,1,2,...). Then the following modular form of
weight k on T'y(2),

(3.5) A, = —64

&y

(3.7) D24, ( @) =

) o

is a solution of (3.2), where D is defined by (3.3).
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Remark. An element of degree k in the ring Cleq, D] is referred to as a modular form
of weight k on I'y(2). Note that v/D does not really occur due to the evenness and
oddness of A, (z) and B, (z) on each n.

Let the operator 1, be denoted by

, k
(33) U(f) = J' = FEal.
which is the formula (2.35) in Lemma 2.7. Using (2.31), we find that
&
(3.9) Da(e3) = —54.
Similarly by (3.8) and (2.32), we obtain
(310) ?94(84) = —6254.

We also deduce that

(3_11> 19(D) _ (19(6%) 6_419(54)) =0,

after an application of (3.9) and (3.10).
If f and g have weights k and [, the Leibniz rule

Viri(f9) = De(f)g + f0i(9)

holds. We sometimes drop the suffix of the operator 1, when the weights of modular
forms we consider are clear. With this J; operator, the equation (3.2) can be rewritten
in the following lemma.

Lemma 3.2. The differential equation (3.2) is equivalent to

(3.12) V20 (f) = l{;(k;l—g 2)54f-

Proof. By the definition of the ¥—operator in (3.8), we obtain

ﬁk+219k(f) = g2 (f/ - %52f>

k rok+2 k
. / _ _ / _
B (f 452f> 4 52<f 452f>
 k(k+2), k(k+2) .,
- 4 82f + 16 82 f7
where, in the last equality, we employed the equation (3.2), i.e.
" k: _l_ 1 ! k(k _l_ 1) /
- taey = - ey
So we complete our proof by using (1.15). O

Proof of Theorem 3.1. Let Fj, denote the form in (3.7) in Theorem 3.1. We first estab-
lish the recurrence relation

(313) Fk+2 = eng + >\nDFk_2,
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where n = (k — 2)/2. This is a consequence of the recurrence relations for A,, and B,
as in (3.4) and (3.6), respectively. Then

262

s )% o ()
ol ) )5
o G () ()%
*DW(@B (@)“" - (m))

&1

3

2e &y
=DtD2 A (& = Lip?B, ()2
vD 3

:Fk+2-

Now we prove by induction that F satisfies the equation (3.12). For the base step,
we first have to check the cases k =2 (n =0) and k =4 (n = 1). In the case k = 2,
from the formula (3.7), we have F» = 2e5/3, which is clearly a modular form of weight
2 on ['y(2). Moreover, using (3.9) and (3.10), we obtain

19 262 -9 (94 _ 62(94 _ 2(2 + 2)54 ) &7
3 3 3 16 3

which satisfies the equation (3.12). Similarly, we can deduce that Fy = (2¢3 + &4)/3 is
a modular form of weight 4 satisfying (3.12).

Assume Fj_o and Fj satisfy (3.12). Then by using (3.13) and the formulas (3.9),
(3.10), and (3.11), we have

EFy,

192(Fk+2) =9 (ﬁ(Fk)eg —
6254Fk

) + A\ DY (Fy )

:192(Fk)62 +

— EWI(F) + A DV (Fr_y)

k(k + 2 &F k(k — 2
_K 12 )6254Fk 42Uk e 9(F) + gAan4Fk_2

16
K2+ 2k + 8 k(k —2)

(314) :T62€4Fk + 16 )\nD€4Fk_2 - 54’19(Fk)

Hence we find that, by (3.14) and (3.13),

k+2)(k+4
?92(Fk+2)—%é)54f7k+2

:<k:2+2k:+8_ (k+2)(k+4)

16 16
k(k—2) (k+2)(k+4)
* ( 16 16

) 62€4Fk

) AnDEFy_y — E40(F})
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k k+1
= — 54 <—€2Fk + ﬁ(Fk) + %)\nDFk_2> .

4
To prove the theorem it will therefore suffice to show that
ke F, kE+1
(3.15) 2l | 9(F,) = _%Aonk_2.

Again, we will prove the equality (3.15) by induction on k. For the case k =4 (n = 1),
the equation is checked directly as follows by (3.9) and (3.10):

e re (22; 54)
(3 &) 22
:_§<_64 (1+1)? ) (63—54)@
> 2-1+1D)(2-1+3) 61 ) 3
-~ pp,

where the last equality comes from the relation (3.5) and (3.3). Using (3.13), we can
rewrite Fjio as

1
2(k+1)

Assume that (3.15) is valid for k, i.e., 92(F;) = 0. Hence by (3.13) and by applying
the Y¥—operator to Fj,o in (3.16), we find that

k+2 k+2
1 e2Fyto + V(Fita) Zmez((k‘ + 2)eaFy — 49(F}))

E+2 ([ &F
2(k + 1) 2

(k42?2 0,

“sthig 0 2 &

k
=— %BAn—i-lDFk-

2

2
k+ 77 (Fi)

+ egﬁ(Fk))

Here we have used the induction assumption. Hence the proof of (3.15) is complete,
and so then the proof of theorem 3.1 is also complete. O

We next indicate that the solutions of (3.2) have a hypergeometric structure. Let

2
1
o= 2 = = 4 40 4 2760 — 2048¢% + - - - .
D q
Then js is a I'g(2)—invariant function which generates the field of modular functions

on I'g(2) and the normalized function j, — 40 is often referred to as the “Hauptmodul”
for the group I'g(2).
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Theorem 3.3. For even k > 4, the differential equation (3.2) has solutions which are
normalized modular forms of weight k on I'y(2), a generator of which is given by

. ko k-2 k—16
(3.17) %1?<_Z’__Z_”____“ 4).

2 e
Proof. 1t is sufficient to show that
Cky(_hk=2y
pem y Lk - g
0<i<k/4 (=55 )it

is a solution of (3.12), since f is a normalized modular form of weight & on I'y(2). Since

£, = €2 — 64D,
by (3.8), we find that
19(6)——é 32D—6—%
ST 2

Using these, we obtain

. k_9; . k_o; k_ k_9i—
P(Dies 2):04Dle§ 2+2+6Dz+1€22 + D22 2i=2
with
—4i)(k — 41+ 2
(318) o= ZX% T2 sk 4i)2, = 256(k — 4i)(k — 4i — 2).
Hence, for
k9 . _k i k=2 i
f= Z a;D'e; * Wwith a,-:64l( 4)k(_1 4_'),
0<i<k/4 (=)l
we have o
. k_9;
R S T o

0<i<k/4
for some constants a,. We can complete the proof by showing that a, = 0. By the
definition of a; and (3.18), we can express a; in terms of a;, namely,

k—41—4)(k—4i—2
a’ :( 1= 4 ! )aiH — 8(k — 4i)%a;

i 16
2
+%&k—@+4ﬂk—@+2MFy—ﬂ%gl

q}x{_(k—M—AXk—M—QNk—MXk—M—Q)

(ai+1 — 64&2)

2k —2i —1)(i + 1)
— 8(k — 44)? — 32(k — 2i + 1)i

k(k+1) [ _(k—4i)(k — 4i —2)
16 <_8(k—2i—1ﬂi+1)_%ﬂ)}

=0,

after a simple algebraic calculation. 0
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Remark. Solutions of (3.2) can be reformulated in terms of Rankin-Cohen brackets
[17]. For modular forms f and g of weights k and [, define a modular form [f,g] of
weight k 4+ [+ 2 by

[f.gl=kfg' —1f'g
(“Rankin—Cohen brackets of degree 17). By the definition of the J-operator in (3.8),
the above equation may also be written as

(3.19) [f 9] = kfti(g) — 19k(f)g-
Lemma 3.4. Suppose Fy, satisfies the differential equation (3.12). Then
k—2
(3.20) I([Fr, €2]) = T[Fk7£4]
and
k—4)(k+2
(3.21) o((k — 2P &) + a0((Fef) = E=DEE g o)
Proof. Since Fy is a solution of (3.12), F}, satisfies the equality
2
P (Fy) = k(klg )84Fk.

From this and the use of (3.9) and (3.10), we obtain

ﬁ([Fk, 62]) :19 (—ngg4 — 26219(Fk))

k k
= — 519(Fk)54 -+ 56254Fk -2 (
k(k—2 k—2
=- %@&Fk -
k—2
=—-1I[F;, &
] [ ks 4]7
which proves (3.20). Similarly, by using (3.19), (3.9) and (3.10), we can prove (3.21).

O

k(k +2)
16

84Fk) €2 + 5479(Fk)

EWO(Fy,)

4. A CLASS OF INFINITE SERIES CONNECTED WITH TRIANGULAR NUMBERS

On page 188 of his lost notebook [15], Ramanujan examines the series,
(41) Tulg) =1+ Y (=1)"{(6n — 1)*¢ =D/ 4 (6n + 1)*¢ 02} g < 1.
n=1

Note that the exponents n(3n £ 1)/2 are the generalized pentagonal numbers. The
series Tor(q), k = 1,2, ..., can be represented in terms of the Eisenstein series P(q),
Q(q), and R(q). The proofs of all the formulas on page 188 are given in [3].

If we define the series,

(4.2) Tor = Ton(g) = 1+ Y 20+ 1)* "2 g < 1,

n=1
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then we can obtain analogous formulas for 75, in terms of e, P, and Q. Observe that
the exponents n(n + 1)/2 are the triangular numbers 7;, defined by

T, = @ n>0.
Recall that Ramanujan’s theta function ¢(q) [1, p. 36, Entry 22 (ii)] is defined by
N (4% ¢%)ox
4.3 ,¢ q) = qn(n+1)/2 SRS A WA
43) & ; (45 4%)oc

where |g| < 1, and, for any complex number a, we write (a;q)o := [[ o, (1 — ag"™?).
We now state four formulas for 75;.

Theorem 4.1. If Ty is defined by (4.2), and P, e, and Q are defined by (1.10)—(1.12),

Zl)en L) _ 5
Ty
(ii) ) = 3P? - 20,
(iii) %((q)) 15P% — 30PQ + 16¢Q,
(iv) j((q)) 105P1 — 420P%Q + 448¢PQ — 128¢*Q — 402,
Proof. Important in our proofs is the simple identity
(4.4) (2n—+1)* = 8@ + 1.
Observe that, by (4.3),
P =1+ Sqdiq g:l(—l)" log(1 —q")
=1+ 8qdi log %
=0(q)
—ht s dzb(q) '

Thus, using (4.4), we find that

(q)P =(q) + 8qd <1 + Zq" "“)/2)

nn+1) .o
—u(g +SZT)Q e

=(q +Z (2n 4 1)%¢" D2 —4(q) + 1
n=1
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(4.5) =T5(q).

This completes the proof of (i).
In the proofs of the remaining identities of Theorem 4.1, in each case, we apply the
operator 8qd% to the preceding identity. In each proof we also use the identities

(4.6) 80-L () = Tonsala) — Ton(a),

dq
which follows from differentiation and the use of (4.4), and
d
(4.7) 8a3,4(9) = Tala) = v(a),
which arose in the proof of (4.5).
We now prove (ii). Applying the operator 8qd% to (4.5) and using (4.6) and (4.7),
we deduce that

P)(T — v(a) + w8 DL ~ Ti(q) - Tlo)
Employing (i) to simplify and using (1.15), we arrive at
(4.8) Ti(q) = (3P* — 2Q)¥(q),

as desired.
To prove (iii), we apply the operator 8qd% to (4.8) and use (4.6) and (4.7) to deduce

that
dP dQ

Ts — 14 :8<6qu_q - 2qd—q>¢(q) + (3P* = 29)(T2 — ¥(q))

=(12P(P* - Q) - 16(PQ — €Q) ) ¥(q) + (3P* - 2Q)(P — 1)1(q),
where we used (1.15), (1.17) and (i). If we now employ (4.8) and simplify, we obtain
(ii).

In general, by applying the operator Sqd% to 7o, and using (4.6) and (4.7), we find
that

d
Tokro — To, = 8q_qg2k(737 e, Q)U(q) + Pgar(P, e, Q),

d
where we define the polynomials gor (P, e, Q), k > 1, by
Tor(q)
4.9 P,e, Q) = )

Then proceeding by induction while using the formula (4.9) for 7y, we find that
d
(4.10) gor+2(P. e, Q) = Sqd_qg%(P’ e, Q) + Pgaw(P, e, Q).

With the use of (4.10) and the differential equations (1.15)—(1.17), it should now be
clear how to prove the remaining identity (iv), and so we omit further details. U
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Remark. Observe from Theorem 4.1 that a general formula for g9 (P, e, Q) contains
all products P'e™Q", such that 21 + 2m + 4n = 2k. It seems to be extremely difficult
to find a general formula for go(P, e, Q) that would give explicit representations for
each coefficient of Ple™Q".

5. A COMBINATORIAL IDENTITY
Let o, be defined for s,n € N, by
(5.1) Gu(n) = (=) 'a,
din

where 71(n) = o(n), and os(n) = 0 if n ¢ N. Glaisher [5] defined seven quantities
which depend on the divisors of n, including (5.1), and found expressions for them in
terms of the o4(n) defined as (1.5). For instance [5],

(5.2) 7s(n) = 04(n) — 2°" o, (n/2).
Then the first formula (i) in Theorem 4.1 has an interesting arithmetical interpretation.

Theorem 5.1. Define 5(0) = &. Then

(53) 8 > 5= { (()27" +1)% ifn=r(r+1)/2,

otherwise.
J+k(k+1)/2=n
J,k>0

Proof. By expanding the summands of P in (1.10) in geometric series and collecting
the coefficients of ¢" for each positive integer n, we find that

Plg) =1+8) &(n)g" =8 5(n)q",

upon using the definition ¢(0) = §. Thus, by (4.3) and Theorem 4.1, (i) can be written
in the form

(5.4) <8ZE(j)qj> . ( qk(k+1)/2> -1 +Z(2n+ 1)2qn(n+1)/2.
Jj=0 k=0 n=1

Equating coefficients of ¢", n > 1, on both sides of (5.4), we complete the proof. [

Let N be the set of positive integers. Define

(5.5) A= {(r,y) € N*: 22> + y* = 8n + 1,y is odd, 2|z}
and
(5.6) B:={(z,y) e N*: 2> + y* = 8n + 1,y is odd, 4|z }.

Then we derive the following combinatorial corollary of Theorem 5.1.

Corollary 5.2. The number of elements of A and the number of elements of B have
the same parity in all cases except when n =r(r+1)/2 and r = 1,2 (mod 4).
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Proof. Since
F(j) = 1 (mod2), if j =m? or j =2m?,
V=90 (mod2), otherwise,

we have
(5.7) Y G = D). G(j) (mod2).
J+k(k+1)/2=n J+k(k+1)/2=n
J:k=>0 j>1,k>0
j=m?2 or j=2m?2

After changing variables, it is easy to see that A and B can be rewritten as
A={(G, k)7 >0,k>0,j+k(k+1)/2=n,j=m*}
and
B={(,k)|j>0,k>0,j+k(k+1)/2=n,j=2m"}.
Therefore, by (5.7), we find that

HA+H#B= > 1

JjH+k(k+1)/2=n
J=21,k>0
j=m2orj=2m?

> 5()) (mod2)
Jj+k(k+1)/2=n
§>1,k>0
j:mzorj:2m2
> 5()) (mod2)

J+k(k+1)/2=n

Jj>1,k>0

(2r+1)2-1 . _r(r+1)
_ ) V5 ifn=—"5—,

0, otherwise

_ J 1(mod2), whenn=r(r+1)/2and r =1, 2(mod4),
~ | 0(mod2), otherwise.

So we conclude the result. O

Acknowledgements. I am deeply indebted to Professors S. Ahlgren, B. C. Berndt,
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