ON ZER OS OF EISENSTEIN SERIES FOR GENUS ZERO
FUCHSIAN  GR OUPS

HEEKYOUNG HAHN

Abstra ct. Let SL2(R) be a genus zero Fuchsian group of the rst kind
with 1 asa cusp, and let E,, be the holomorphic Eisenstein series of weight
2k on that is nonvanishing at 1 and vanishesat all the other cusps (provided
that such an Eisenstein series exists). Under certain assumptions on ; and
on a choice of a fundamental domain F, we prove that all but possibly c( ;F)
of the non-trivial zeros of E,, lie on a certain subsetof fz2 H :j (z) 2 Rg.
Here ¢( ;F) is a constant that doesnot depend on the weight, H is the upper
half-plane, and j is the canonical hauptmo dul for

1. Intr oduction and statement of the resul t.

Recerily, Rudnick [10] showvedthat, under the GeneralizedRiemann Hypothesis,
the zerosof Hedke eigenformsfor SL,(Z) becomeequidistributed with respectto the
hyperbolic measureon a fundamertal domain for the action of SL,(Z): However, the
situation is quite di erent in caseof zerosof Eisensteinseriesfor SL,(Z): Rankin and
Swinnerton-Dyer [8] provedthat all the zerosof Eisensteinseriesof even weight k
4 for SL»(Z) lie only onthe arcfé j =2 2 =3gin the standard fundamertal
domain. Rankin [9] proved that similar properties hold for certain Poincare series
on SL,(Z): Getz [4] generalizedRankin and Swinnerton-Dyer's result by providing
conditions under which the zeros of other modular forms lie on this arc. Given
these works, it is natural to investigate the behavior of the zeros of families of
modular forms (in particular, the family of even weight Eisenstein series)on other
groups. The goal of the presen paperisto nd the location of the zerosof certain
Eisensteinserieson gerus zero Fuchsian groups.

From the outset we denoteby a Fuchsian group of the rst kind [12], by H the
upper half-plane, and by H the union of H with the set of cuspsof : We say that
a meromorphic function f on H is a meromorphic modular form of weightk for if

az+ b
cz+d

foralz2 Hand 2% 2 ;andf is meromorphic at the cusps. If k = 0; then
f is known as a modular function on : Further, we say that f is a holomorphic
modular form if f is holomorphic on H and holomorphic at cusps. A holomorphic
modular form is said to be a cuspform if it vanishesat the cuspsof : As usual, we
denote by My () (resp. Sx()) the spaceof holomorphic modular forms (resp.
cusp forms) of weight 2k for : Moreover denote by M J, () the spaceof weakly

(1.1) f = (cz+ d)*f (2)
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2 HEEKYOUNG  HAHN

holomorphic modular forms on (i.e. holomorphic on H but not necessarilyat the
cusps).

If hasacuspatl with width h;theneahf 2 M} () hasa Fourier expansion
at innit y:

X
(1.2) f(z) = anql; =€ 2T ng2z:

n=ng
Note that a modular form can be identi e d with its g-expansion. We say that the
form hasreal Fourier coe cients if a, is real for all n.

Assumethat hasl asacusp. Let E, 2 M () bethe unique modular form
that is orthogonal to all cusp forms, vanishesat all cuspsbut 1 and has constart
term 1 in its Fourier expansionat 1 (provided that such a modular form exists).
We will referto E,, asthe Eisensteinseriesassaiated to the cusp 1 . This is the
Eisensteinseriesto which we referred in the title of this paper.

Remark. Note that such a form doesn't always exist. For instance, take k = 1 and
= SLZ(Z):

De nition.  The group is good for the weight 2k if

(1) The Eisenstein series E,, hasreal Fourier coe cients (if it exists).
(2) The space M () hasa basis of forms with real Fourier coe cients.

Remark. For example, o(N) is good for all N. Seex2.

Assume has gerus zero. In this case,it is well-known that there is a unique
weakly holomorphic modular function with a Fourier expansion of the following
form:

H — 1 % n 1 .
j ()= —+  anth 2Mg ()
h n=1
This function j is referredto asthe canonical hauptmalul.

Suppose hasacuspat 1 with width h: We choosea simply connectedfunda-

mental domain F for contained in fz :j<(z)j] h=2g: Dene yo 2 R by

(1.3) yo:= inffy: h=2+iy 2 @ g;
where @ denotesthe boundary of F: We refer to the complemen (in @ ) of the
vertical linesfz: <(z) = h=2; and =(z) > yog asthe lower arcs A:

For the purposesof our paper, we needto place somerestrictions on our funda-
mental domain. Assumethat we can parametrize A by a piecewisesmooth function

Zn = Xa +iya 1 (0;1) ! A
t 7 za(t):
Fixing such a parametrization, considerthe set of points
) n ot t . (0]
Crit(F):= t2(0;1): (ENEO) yz(A))O(t) =0or iz yoz(A))O(t) is unde ned :
Herethe Cindicates di eren tiation with respectto t: We say that % changes
sign at tg if, for any sucien tly small 1; 2> 0;
yAto 1) yAto + 2)

(G za)%to 1) (G  za)Ato+ 2)

We make the following de nition:
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De nition. A fundamental domain F for is acceptable if we can parametrize
A by a piecewise smaoth path z, as alove and the following conditions hold:

(1) The hauptmadul j is real on @ :
(2) Crit(F) is a discrete set.
(3) If za(to) = za(fy) for some 2 and for someto; fy 2 Crit(F), then

(jy—mm changessign at to if and only if it changessign at fy:

Remark. Theseappearto be natural restrictions on F. In x2 we deal with the case
= (3), for example. We must point out, however, that we do not have a proof
that such a fundamertal domain exists for arbitrary good gerus zero .

Now, de ne

. yY(t) .
i F) = to) :to 2 Crit(F d ——~—_ch t to = ;
c( ;F) Za (to) 1 to rit(F) an NG changessign at tg
where we considertwo points in the setto be equivalert if they are -conjugates of
eaother. Note that ¢( ;F) dependson and on a choice of F, but not on the

weight. For eadh f 2 MZK(),Y let

(1.4) P(f;X):= (X (Q))°de(M) eofk(d 1=eq)g:

Q2F nflg

ordg f 60
Here fk(1 1=ep)g is the fractional part of k(1 1=eg); and eg := jStab—(Q)j;
where = =f Igif 12 and = otherwise. Herel is the identity matrix.

Thusif P(f;j (Q)) = 0, then f (Q) = 0; with the conversebeing true if Q is not
an elliptic xed point. It followsfrom Lemma 3.1 below that P(f; X ) 2 C[X] (this
is obvious if the divisor of f contains no elliptic xed points). We call P(f ; X) the
divisor polynomial of f: Let

(1.5) a =] ( h=2+1iyo);
whereyp is de ned asin (1.3). We can now state our main theorem:

Theorem 1.1. Let bea genuszero group that is gaod for the weight 2k: Supmse
that F is acceptablefor , andthatj hasreal Fourier coe cients. Then all but
possibly c( ;F) of the zers of P(E,; X) lie on [ag;1 ); wher ag is asin (1.5).
Moreover, if m denotesthe numkber of distinct zerswith odd multiplicity on [ag; 1 );
thenm+ c( ;F) degP(E,;X)):

Remark. Sincec( ;F) is very small, Theorem 1.1 implies that almost all zerosof
P(E,; X) are simple. For example,in the case = SL,(Z) and F is the standard
fundamental domain, we have ¢( ;F) = 0 (seex2), and therefore all the zeros of
P(E,; X) are simple and lie on [0; 1 ): Thusin this caseour result is weaker than
Rankin and Swinnerton-Dyer's result [8], but it has the advantage that the same
argumert appliesto a family of groups.

Recall the elemenary fact that the complex zeros of a polynomial with real
coe cien ts must occur in pairs. With this in mind, the alternate construction of
P (f; X) givenin (3.2) below immediately implies the following corollary of Theorem
1.1:

Corollary 1.2. Assumethe hypothesesof Theorem 1.1. If ¢( ;F) is odd, then all
but possiblyc( ;F) 1 of the zers of P(E,,; X) are real.
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The proof of Theorem 1.1 is givenin x4. It can be viewed as an adaptation of
the classicalargumert proving that the zerosof an orthogonal polynomial are all
real and simple (see[1, Theorem 5.4.1], for example). We now outline the proof.
Let d := dim(Ma()) : Using the Riemann-Roch theorem, we rst construct a
modular form 2 My () with azeroof orderd 1 at innit y and no other \non-
trivial" zeros. Supposefor a contradiction that the result is not true. Then we
can construct a polynomial Q(X) of degreelessthan d 1 whosezerosare exactly
the zerosof P (E,, ; X) that occur with odd multiplicit y and the imageunderj of

points za (t) where Uy—.mm changessign along the lower arcs A: Then Q(j )

will be an elemen of My () that vanishesat 1 , and it follows that the Petersson
inner product hE,,; Q(j ) i iszero. On the other hand, using Green'stheorem, we
relate the Peterssoninner product hE,,;Q(j ) i to aline integral along the lower
arcs. By our construction of Q(X); we show that this line integral cannot be zero,
resulting in the desired contradiction.

We closethis introduction with the following remark:

Remark. Supposethat a geruszero is good and admits an acceptablefundamental
domain. Since is of gerus zero,j denesamodelj : nH ! P}C) of nH

as the Reimann sphere. One can interpret Theorem 1.1 as saying that all but a
bounded number of the zerosof E,, lie on the real points of this model. It would
be interesting to seeif the somemaodi cation of the ideasof this paper could prove
that, for suitable higher gerus congruencesubgroups , some proportion of the
zerosof corresponding Eisenstein serieslie either at the Weierstrasspoints or the
real points of a suitable model for nH . We should emphasizethat this is only
a guessas to what occurs in these cases;we have not even done any numerical
computations.

2. Examples

In this section, we give someexamplesof good groups and acceptablefundamen-
tal domains. We note that we found the fundamertal domain drawing applet [13]
useful in producing these examples.

Clearly SL,(Z) is good. The principal congruene sulgroup ( N) of SL,(Z)

n 0
(N):=  2SL(2) : cl) 2 (mod N)
is good for all 2k [11, p.163]. For anintegerN  1; any group satisfying 1(N)
o(N) is good [3] for all 2k; where
n o
2 SL,(2) : (mod N) ;

1(N):
n 0
o(N): 2 SLy(2) : 0 (mod N) :

De ne the group 4(N) SLz(R) asin [12, p.27]to be the extensionof o(N) by
the Fricke involution I

o "N

N 0

Since o(N) is good for all 2k and an involution has eigervalues 1, there is a
basis of eigenvectors for Wy acting on M ( o(N)) whoseFourier coe cien ts are

Wn = P
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all real. The formsin this basiswith eigervalue +1 will be a basisfor Mz ( ¢(N));
it follows that the ,(N) are good.

Somegood groups have acceptablefundamental domains. Before we considerany
examples,we point out that if j hasreal Fourier coe cien ts, then it is always real
on<(z) = % where h is the width of the cuspat 1 . This is easyto seefrom its
Fourier expansionat 1 .

We now consider a few examples. If = SL,(Z), the classical fundamenal
domain bounded by <(z) = % and the unit circle is acceptable[11, p.32], and it

is clearthat ¢( ;F)=0 since@g doesnot changesign on f € Iz %g:
Consider = ¢(3): In this case,the EisensteinseriesE,,; (k 1); has real

Fourier coe cien ts (see[2, Theorem 1.1]). Denote by F thpe fundamental domain

bounded by vertical lines fz : <(z) = ; and=(z) > 2g; A = fz: 1}

<(z) O andjz+ 3= %gandA, = fz:0 <(z) 3 andjz ij= ig
The canonical hauptmodul j3(z) for ¢(3) hasreal Fourier coe cien ts (see[7, p.
317]). This implies that j3(z) = jz( z): For z 2 A,; a simple calculation shows

that z= z; where

1 0

5 5 2 o)

and hencejs(z) = j3( z) = j3( z) = j3(2); becausejs is invariant under ¢(3):
Similarly, for z2 A,; we have % = z; where

0. 10 )
= 302 o)

Therefore we have j3(z) 2 R for all z2 @ : Sincec( ;F) = 1in this case,all the
zerosof P (E,, ; X) are simple, and all but possibly one of the zeroslie on[ 421 ).

Here we usedthe fact that j3(—22-23) = 42 (see[7, p. 317)).

3. Prelimiaries  on divisor pol ynomials

In this section we prove a proposition which gives an alternativ e construction
of the divisor polynomial P(f;X) attached to a modular form f 2 My () : The
idea is basically that of Ono (see[6, Section 2.6.]), buE things are complicated in
our casedue to the fact that the algebrastructure of | ;M2 () is not always
assimple asit is in the case = SL,(Z): To overcomethis dicult y, we rely on
a few easyapplications of Riemann-Roch theory. As above, for Q 2 H ; we de ne
e = jStab—(Q)j; where is the imageof in PSL(R):

Lemma 3.1. Any modular form in M () hasa zem of order at least egf k(1
1=eg)g at every elliptic xed point Q 2 H :

Proof. Let f 2 Mo() andlet! be the corresponding k-fold di erential form on
nH : If Qisan elliptic xed point, then

(3.1) ordo(f) = egordp (! ) + k(eg  1):

HereP = (Q); where :H ! nH is the canonical projection (see[5, Lemma
4.11]). SinceQ is elliptic, it is well-known that eq = 2 or 3: In view of this, it is
easyto ched that (3.1) implies the lemma.

Using Lemma 3.1 we now prove the following proposition:
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Prop osition 3.2. Letd:= dim(My()) : If is of genuszem, then there exists a
modular form 2 My() uniquely characterized by the foIIowinlg conditions:

(1) The Fourier exmnsion of at 1 is of the form qﬂ 1y nodandp:
(2) For everyelliptic xed point Q 2 H; we haveordo() = eqfk(l 1=eg)g.
(3) At everycuspof not equivalentto 1 ;  does not vanish.
Moreover, if is gaod for the weight 2k; then  hasreal Fourier coe cients.
We defer the proof of Proposition 3.2 to the end of the section. Assumingit for
the momert, we claim that if f 2 My () has1 asthe leading term of its Fourier
expansionat 1 , then

(3.2) f t=P;);

whereP (f ; X) is the divisor polynomial of f , de ned asin (1.4). Indeed, by Propo-
sition 3.2,f 12 M} () and hasthe zerosspeci ed by (1.4) to the correct order.
Sinceevery element of M} () is a polynomial in j , the claim follows.

In the following proof, we use standard notation from Riemann-Roch theory on
algebraic curves. See([5, pp. 15{17]), for example.

Proof of Proposition 3.2. Since hasgerus zero, we have an isomorphism
i © nH +PYO):
sowe may view j asa coordinate for the Riemann sphere. De ne the divisor D
b
Y X X
(3.3) D=div((d ))+ @ d+ k)P, + kP + k(1 1=e)]P;

cusps P elliptic P
P61

whereP; isthe point \innit y," and [k(1 1=e>)] isthe integerpart of k(1 1=ep);
andif (Q) = P for someelliptic xed point Q; then ep = eg:

Let! =f (d )* beameromorphicdierential k-form on nH . First we claim
that ! correspondsto a non-zeroconstart multiple of a holomorphic modular form
satisfying the conditions (1); (2) and (3) if and only if f 2 L(D): Let f 2 L(D);
then we havediv(f)+ D  0; and hence,

ordp (! )+ k(1 1=e») 0 at the image of an elliptic xed point,
ordp (! )+ k 0 at the image of a cusp,
ordp () 0 at the remaining points.

It is known [5, Lemma 4.11]that if (Q) = P under the canonical projection
:H ! nH , then the following are true:

ordg(f) = egordp(!)+ k(eg 1) at an elliptic xed point,
ordg () ordp (! ) + k at a cusp,
ordg(f) ordp (! ) at the remaining points.

Therefore ordg(f) Oforall Q2 H ; and sof is holomorphic. Clearly, at 1 , we
haveordp (! )= d 1 k;andhenceordg(f)=d 1:It is alsoknown [12, p. 46]
that

X
(3.4) ordo(f)=ey k(1 1=ey) = 2k+ 1Kk
and X

(3.5) d=1 2k+ ;1 k+ [k(1 I1=e)];
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where ; is the number of inequivalent cusps. Sincef hasa zeroof orderd 1
at 1 ; by comparing (3.4) with (3.5), we can concludethat f has a zero of order
eofk(l 1=ey)g at ead elliptic xed point Q: Moreover, f has no other zeroson
H; and doesnot vanish at any cuspof inequivalent to 1 :

Second,we want to show that (D) = 1: Clearly

X
(3.6) degD)= 2k+ (1 d+Kk)+ (1 Dk+ [k 1=e)]:

By (3.5), we then obtain that deg(D) = 0: Henceby the Riemann-Roch theorem,
we derive that 1(D) = 1: Thereforethereis a unique 2 My () satisfying (1); (2)
and (3):

We are left with proving that if is good, then hasreal Fourier coe cien ts.
Notice that (3.4) and (3.5), together with Lemma 3.1imply that any modular form
in Mac() hasorder lessthan or equalto d 1 at 1 : In view of what we have
proved above combined with Lemma 3.1, is uniquely characterized by the facts
that

(1) The leading term in the Fourier expansionof at 1 is1, and
(2) Any f 2 My() that is not a scalar multiple of satises ord; (f) <
ordy ().

These conditions can be rephrasedas saying that among the elemerns of M ()
with leading term 1 in their Fourier expansionat 1 , hasthe maximum number
of zeroat 1 and its Fourier expansionis qﬂ Ly O(cﬁ): SinceM () has a basis
of forms with real Fourier coe cien ts, it follows from simple linear algebra that

is a real linear combination of forms in this basis,and henceitself has real Fourier
coe cien ts.

4. Pr oof of Theorem 1.1

We begin this section by recalling the Peterssoninner product. If f and g are
two modular formsin M () ; th%%their Peterssoninner product is de ned by

H:gi = f (z)g(z)y?* 2dxdy;
F

whereF denotesa fundamertal domain for the action of ; and wherez = x+iy: It
is well-known that if f g vanishesat every cuspof ;then theintegral (4.1) corverges.
In Section 3, we showed that there is a divisor polynomial P(f;j ) (resp. P(g;j ))
attached to f (resp. g) such that f = P(f;j ) (resp. g= P(g;j )). Sowe
derive that 77

(4.1) i = _ P(f:j @)P(g:] (2 ( 2)i%y* *dxdy:

Supposethat  admits an acceptablefundamental domain F; and let A be the
lower arc of F asde ned in x1. Write

4.2) A=qi, fAg
where the A; are smooth (recti able) paths suc that j jKi is injective. We then
write F = in=+12 Fi wherethe F; are the closuresof domainsin H of positive area

with respect to the hyperbolic metric that satisfy the following properties:

(1) If i 6 j; Fi \ F; is a smooth curve that is recti able with respect to the
hyperbolic metric.
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(2) For1 i nwehaveA; F;; and A\ F; is either empty or a single
point for i 6 j:
(3) @ A, iscontained in the interior of F:
(4) Fnep = F\ fz:<(z) 0g\ fz:=(z) vyogandFp., = F\ fz:<(2)
Og\ fz:=(z) Yyogwhereyp isdened asin (1.3).
(5) j je, isinjective.
One can always write F as such a union; we do this to avoid pathologies with
certain line integrals which we will now introduce.
Forz=x+ iy 2 F;; dene apath ;(z) by

(4.3) i(2):="fj *(+i=( @) : 2[<( @)1)9
traversedfrom 1 to z:ZLet i (2) be the path integral
(4.4) i(2) = < P(f;j (s)DP(gj (9)i( 9)i*t*™ 2 dt;

i(2)
where =(s) = t: Then we obtain the following result.

Prop osition 4.1. Let be good for the weight 2k of genuszem and F be an
acceptable fundamental domain for : Let f and g be modular forms in M ()
such that f g vanishesat every cuspof : Dening F; and ; as alove, we have
that

zZ o Z
(4.5) < P(f:i (2)P(g:] (2)i( 2)i%y* ? dxdy = . i(z)dx;

=1 Ai

wher z ;= x + iy, and the A; are the smaoth pathsin (4.2) traverseal with counter-
clockwise orientation.

We will prove Proposition 4.1 after the proof of Theorem 1.1:

changessign. Here ag is de ned asin (1.5). If m+ c¢( ;F) degP(E,; X)), we
are done, sowe assumefor a contradiction that m+ c¢( ;F) < degP(E,; X)). Let

yn cty:F)
(4.6) QX):= X &) (X (b)):

i=1 j=1
Then Q(j ) is a polynomial in j with real coe cien ts.

Note that Q(j ) 2 M2 (). In fact, by Lemma 3.2 and the construction of
Q(X), we havethat Q(j ) 2 Mx() and Q(j ) vanishesat 1 . Since any
modular form in M () that vanishesat in nit y is orthogonal to E,, with respect
to the Peterssoninner product, we have

(4.7) 0=hE,; QG ) i:
On the other hand, v%/%have that for z= x + iy;
PE»: QG ) i = S P(Ex:i (2)QG (2)i( 2)i* y** 2dxdy
7z

+ T P(Ex:i (2)QG ()i ( 2)i* y* dxdy:
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By Proposition 4.1 we know that

7z
< P(Ey:i (2)QG (2))i ( 2)ji%y* 2 dxdy
(48) = . P(Exci )QG )G PG )t %G % )d  dx:
=1 Ai

Here we have used the fact that j jg, is injective, so we may view andt as
functions of j . Our path ;(z) was chosensothat whenewer z 2 A;, the function
j isrealin[j (2);1); we usedthis to changeQ(j ) to Q(j ) in (4.8). Moreover,
by construction of Q(X), we have that for eath z 2 Aj, P(E,;X)Q(X)tAX)
is nonnegative or nonpositive on [j (z);1 ), and its sign doesnot dependoni. It
followsthat the integral (4.8) cannot be zero. This is the desiredcontradiction.

We now give a proof of Proposition 4.1:

Proof of Proposition 4.1. For 2 f1;2g; we de ne
Fl, =Fne \fz:=(2) Tg and L!, =FI, \fz:=(2)=Tg;
for T 0: Note that

@i(2) _
@

We apply Green's theorem to eact F; separately use (4.9), and then sum the
cortributions to obtain

(4.9) < P(f;i @)P(@] @i ify* 2 :

(4.10) F< P(f;i (@)P(g] (2)i( 2)i%y* 2 dxdy
X z x £
= lim n+ (Z)dx i(z)dx:
=1 T LI+ i=1 Aj

Here the limit exists becausef g vanishesat 1 (and hencehasrapid deca). The
cortribution of the vertical lines contained in fz : j<(2)j = %g\ F is zerobecause
dx = 0 there. We now claim that

(4.11) lim n+ (2)dx = 0:
T 7

n+

It is easyto seethat (4.11) in conjunction with (4.10) will nish the proof of the
proposition.
In view of the fact that
enoughto show that
z

(412) s (9)= < P(fij (s)P(g:j (s)i( 9)j°t* 2 dt! 0

n+ (Z

dx = h=2 < 1 ; in order to prove (4.11), it is

T
Ln+

asT! 1 whilez2 L], . Heres2 .. (z) andt = =(s): Becausef g vanishesat
every cusp, we have that

< P(f;j (NP(g] ()i( 9)i*t* =< feglE)t™* €
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for every s 2 F, where C > 0 is someconstart not depending on s. Therefore, to

pr
(4

ove (4.12) it su ces to ShONZthat

13) t 2dt! 0

n+ (2)

asT! 1 whilez2 L], . Notethat sincej (x+iy) e 2'x*¥)asyl 1 we
have

pi
| Mx+iy) — ilog Xry?E Ag(x+iy) ;

2
wherelog denotesthe principal branch of the natural logarithm. Sowhilez2 LT, ,
z Z < @ P
2 — 2 — 0
t “dt log- 2+ =( (2))? (log 2+ =( (2)3)d
n+ (2) 1
Z<i @+=( @? g
1 log®

- 1 - I 0
log(<(j (2))2+ =( (2)?)

asT ! 1;sincejj (2)j2> €*T near1 : This implies (4.13), and in turn the

pr

oposition.
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